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In the theoretic consideration of all material s systems it is customary, — 


in fact ne necessary, to. replace | them by” more or less equivalent but 
simpler systems. ems. Thi This alone makes their ‘analytic | examination possi- a 
ble, not to say practicable ; ‘and nd the results thus obtained, although 
applying strictly o1 only. to the ideal constructions of theory, throw ‘much 
valuable le light on the workings of the actual material systems. 
«But s so accustomed have we become to this } procedure » that we often : 


forget that between the results and the actual conditions — 


Sor 
‘ieee between the i imaginary system and | the real ews is s the 


greater. This neglect leads to two serious faults: First, in th 


» "sideration of existing systems, replacing them by theoretic 


which insufficiently ‘represent them, and applying ‘the ‘conclusions 


thus derived as though they were exact: in 
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creation of new nyatems, constructing Sean 80 differently from the 4 


‘ ideal systems on which they are — based that the actual conditions are 


quite unlike | those ‘supposed, ‘This has given en rise to many strange 

fallacies, has held back practice and has discredited theory. 
- Framew orks furnish excellent illustrations of this, for the ideal 


% framework hes always been a far simpler structure than the real 


3 connection, loaded only at these pointe, and—neglecting the effects - 


framework, and its theory correspondingly from actual con- 
“= ditions. WwW hereas the ideal framework consists of a gr group of straight 
F members so joined at their ends as tc to move fi freely about the points ve. 


of dead weight and w wind pressure—subject, therefore, only to direct 


stress of tension or compression in the members, actual frameworks = 
always have. joints more or less stiff, their members are frequently tg 


: joined at other points than their ends, and they are loaded at other 


points than their joints, thus introducing flexure of the members, 


well as direct stress, as a ‘result of the application of loads, 
- But it has so long been customary to overlook these e divergencies 
betw een theory and practice, to gratuitously them of no con-— 


7 ‘sequence, that we now, as a matter of course, figure our single 
theoretic system and then apply the results to our complex actual 


‘justifiable, but practically exact. ‘This has resulted in the e perpetua- 
tion of defective construction and the fallacy that strength 


“ system, without a doubt, apparently, that this application is is not only 


and stiffness, with the amount of material, to obtained 
stiff joints, broad members rigidly a attached where they ‘pass 
other, continuous members, ete. To this day, sc some eminent engineers” 

- uphold these as virtues. | And, on the other hand, this has has x resulted in a 


indifference a as to. the variations between theory and practice 


= 


actually exist, and a neglect to develop, and still m more to 


exact parallelism, both in n theory In America a 
7 partial attempt to fulfill these suppositions of the ideal framework by o 
i 


> 
_ the use of pin connections was made long ago, yet we continue to use 


continuous chords, and floor systems, and mony riveted com connections ons 


q 
« as ot which the theory takes. no no account. In Europe a a few attempts hav we 


— 


these more exact t calculations have shown very y considerable. 
_ were the neglected elements of stress and the importance of eliminat- — 


ing these ‘‘ secondary” stresses as they are called; but these caleula- 
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ery recent, and are senate few in number, for they are 

ne net is, that not only ‘do theory practice diverge to 

an in important extent, but that this “divergence is given practically n no 7 

attention. . This is not as it should be, and we may | look forward to 


considerable in this respect i in the wend future. ‘The 


is not only practicable, but de desirable; and, on the 


hand, he considers. more exact, calculation, that is, ealoulation of the 


4 “structures more nearly a as they ar are, a ‘requisite to} progress. Expensive 
e* mechanical devices should not be used in the effort to approach m more o 
can be shown, n, and laborious calculations are out of place » where the 


nearly ideal construction on where : no no corresponding pra practical adv: antage e 


limits @ of error of simple approximate | calculations : are known nly 
more cheaply be taken into account through liberality it in 
: tion. But what may be insisted on is that either the actual conditions r. 
_ shall be taken into account through more exact calculation, or that no 
»y pretence of accuracy shall be made | where there has been none, and 7 
‘that the divergences between the theory used and the construction 
‘actually carried out shall be allowed for liberally. ¢ 


of this is not to consider the more exact calcula- 


examine certain questions in 7 


connection with ideal frameworks, of the practical importance 
' because at the foundation of actual designs. it deals with statically — 


indeterminate ideal frameworks, that is, ideal frameworks as previ - 
oA, ously defined, in which not all the members are essential, or, in other —_ 


words, in 1 whieh some members are superfluous. WwW hat are the condi- 


what a1 are ro thele. qualities, and what their m merits. sand demerits? ‘Sueh i is 
: the matter which a paper r seeks to consider. — Its) purpose is not to , 


give: instruction i ethods, but simply to indicate the principles | 7 
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involved, to point out some fundamental but net generally known 


pa facts, and to discuss broadly, : with the aia of a few. simple Tiustra- 
tions, the of fale on practice. An And let not such 


value: in connection with actual 1 structures, which all, more or 
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the ideal, for 1t must be remembered that the ideal here = 

considered is the basis on which all actual practice isfounded. 
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‘mentioned, bes] been: exeeedingly 0 commen in ip it yee 4 
been, and is even now, advocated extensively by the most eminent 


engineers. . Continuous bridges, two- hinged and hingeless arches, 
arches ‘supporting continuous and their inversions of Suse a 


pension. type, ‘not only a are met frequently i in existing structures, but 
are used frequently in in new projects. And there are indications that 

And there are indications that 


here in the United States these constructions quining acertain 


hold, ‘as shown by the erection of certain recent arches and suspension — 


_ bridges, and above all by the proposed | huge suspension bridge at 
New York. Moreover, since most frameworks are actually space-— 


frameworks, formed by uniting “several plane frameworks, and this 


connection is made without consideration of f statical determination, a 


frameworks—as bridge trusses with their connecting wind | 
actually indeterminate, whether o or r not their component 


plane fi frameworks are statically determined when alone. This gives r 
great prominence to the subject of the construction of frameworks: 
with superfluous bars, and makes” a clear understanding of them 


exceodingly important. Is it adv to use wach rather 
than “the much simpler just determined” construction generally 
advocated in America? Which is the better, , and why? 


3 In the course of the more mathematical: examination which will 


follow, the y answer to this question will p present itself, but it is advi is- 7 
ablet here to review briefly cert: certain facts. . 
a European engineers have always been the ‘principal advocates of 
indeterminate construction. They have insistently claimed for it the 
virtues of greater economy, strength, safety and stiffness. Practically, 


- a. no demonstration of these claims has been forthooming, ¢ except, perhaps, 


proof that the continuous girder possessed these adv vantages ai as com- 


pared w with h equal : free spans; b but this comparison was unfair, and 
: proper rejoinder to it was eventually giv en by the cantilever. a Grudg- 4 
ingly conceding its equiv alence, European ¢ engineers continue to claim, 


4 w rithout the of the remaining 


supported | his contention by ge reas ning, and demonstr 
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claims have not been wholly uncontested. As early ss 
4 ated 


2 


without such bars. "7 But little atten- 


seems to have to s statements, possibly t because 
they were not accompanied by any general mathematical _ proof ‘ The 
subject , from. this | point of view, “seems to have been n dropped 


entire ly from consideration, and the writer, in his studies in Paris, 


eee schools, has on of i i In these sch 


statically indeterminate structures are eeracsieongaN and advo. 
cated, being regarded, apparently, as as more difficult, but better, than e 


the simpler, de’ determined structures. — . Beautiful methods of calculatio 


have been developed for the more complex st structures, and the profes 


possibly fascinated by the charms of these computations, gave nie 


«great prominence, and fostered among the students a predilection for 


types, Ww ithout making any the question, whether or 

not there were real advan antages i in their use to offset their difficulties. ‘ - 
Feeling ¢ convinced that, w hile the knowledge of of methods ofcaleu- 
lation of difficult structures was exceedingly valuable because of their 


frequent occurrence, and because of unavoidable occasions 18 for. their 


a 7 use, the encouragement, even preference, given tothe use of such con-— 
‘struction was mistaken, ‘the. fully informed as to European 
: ideas and methods, undertook a general investigation « of the com- 
‘parative merits of frameworks with and without superfluous | bars, 
| ‘The result was the discovery of some curiously unknown, n, although — 


“most fundamental, facts concerning | the design of frameworks with 


superfluous bars and the distribution of stresses therein, together 
a a somewhat general demonstration of the economic superiority 


of statically determined over indeterminate construction. . In 
le published ix in the T. Quarterly,” for Ju un 


‘matter, in a somewhat more ma mathematical and complete form, directly — 
to the engineering for whom it would have particular interest. “a 
Consequently, the present article has been written. In it the 
‘simple illustrations and much of of the matter of of the preceding article + ie 
have been passed. over er with a mere mere reference, t the subject being treated — + 


more § generally, and mu much | has been devoted to some 


ea Pe mathematically, that in a certain exceptional case with superfluous bars im 

f 
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4 S¥/, these results were set forth, Dut was desired to present the 
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of why th the exact design ¢ of frameworks with superfinous bars is not to 


‘be thought of, and, therefore, design in practice, in the 
4 future as in 1 the past, will be made. by methods of trial, , which can 
only give at best, after infinite labor, most imperfect and uneconomic — 


results. it is desired that they may ay examine with care the results 
‘obtained in n the illustrations, | to peels themselves that even with 
exact methods, ‘giving t the most ‘Perfect possible designs, and when 
: neglecting temperature effects and ‘many other ee ious objections, the 
use of superfluous bars furnishes no sensible a advantage, while, 


including tl these inevitable accompaniments of indeterminate construc- 


tion, it is ‘in all respects inferior to’ the "simple determinate con- 
struction, taught and advocated in our schools, and with» 
American bridge engineers ai are perfectly familiar. PSM 


To those whose interest ani and leisure permit, 


of similar examples. Such work would f form a valuable 
‘to the little that the writer i is here able to © offer. And further, 

would suggest the careful analysis ‘of some notable existing inde- 
_ terminate structures, and their comparison with designs of ‘parallel a 
determined structures. The results will inevitably be sur- 
_ prising in their « demonstration of the sad deficiency of such indeter- 
minate structures, judged by the standards good proportioning 

insisted on in all statically determined designs. American engineers 
i in the future devote their attention to the of ‘the 
statically determined ame, to the development of statically 
4 determined sp space- -frameworks and to of details intended 


annie but not commenced, projected in statically indeterminate 


form, wil be: reconsidered, and thats more economic statically deter- 


a 

4 the p ng the impracticability, the futility, even 
— the folly of attempting such designing in practice, rather than 
¥ a nishing instruction in its use. It is desired simply thatthose who $f | 
—_— 7 read this, by the inspection of the amount and difficulties of the =f | 
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THE ‘Exact OF INDETERMINATE Fr RAMEWORKS. 


a In an ideal framework, since it is seengenns only of members joined 


iin their ends, freely movable at these | joints and loaded only at ‘the | a 
joints, we are concerned only with the of forces at 


joint centers. Therefore, the o conditions s at each 
three i in number, that the res 


shall be zero, a framework ha ve joints thi 


of condition which must be sat 


isfied. 


since they must together satisfy ‘six conditions of equilibrium m among 


the outer forces acting on the ‘framework, including in ‘these outer 
- forces the elements of the reactions as well as the loads. ds. In, general, — 
“for the stability « of the structure, these elements of the reactions —— 
be at at least 5 six in number. or. Let thelr number be r, and the nu mber rot 
. Then, for stability, +: 
y perfectly y well exceed 
“which case e the framew. becomes indeterminate, because 
the 3n conditions furnished by statics are insufficient tod determine the " 


m+) = 8n, the of the framework would be just 
through the lines its figure, it would be “ just stiff” “remove any 


bar and it ; would become a mechanism; alter : slightly the length of 2 any 
aro th the position of of any support and and the f figure of the frame 

would be altered slightly without further ‘consequences; 

would exist the members, except ‘through loads; temperature 
changes, whether uniform or varying, would change slightly 1 the - 


of the framework without affecting it otherwise; the stress in each 
member due to any load would be »e calculable easily | and without — 


of each ‘member would be practically independent 
of all others; and, finally, all displacements: of the of 


framework due to stre or tem 


defined through the corresponding chan 
would be easily calculable. 
if to ‘such a framework we were to add the 
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each member could be designed readily and exactly under any given | 2 a 

| 

j= 

7 


remaining as putea, so that m+r > 3n, the framework would become a 


overdetermined; ‘some of the bars could be removed, and the frame- 


— Work ' would still be stiff; alter slightly the he length of any of these bars — 
the position ofa and the framewo k would be put under 
temperature 
might cause very considerable the s stresses under 


given 1 loads could only be caleulated by plone and laborious pplication 
of the e equations of e 


member but its material on elastic quiition would have to taken 


he’ 
into consideration; the stress in a single ‘member could not be deter- 


mined independently of other members; the design of a a given en member 
— might be affected greatly by the design of many other members, ont it 


= be dificult, impossible, to satisfy accurately ¢ 


A 


change materially the distribution of stress, so that it would be valor “a 


4 


_ ingly difficult in practice to obtain | even | approximately any stress = 


which j in the design was ‘determined upon, yn, and to main- 


tain such stress ‘distribution in the face 0: of any slight yielding | Y 


ints and | supports due to > changing los loads, climate nant atte other r external, 


Or, perhaps, also internal, cau causes. 


Ss Such are t the structures whose exact design we are » about to con- 


sider. 2 In th the foregoing we » have regarded them as formed by the addi- 


tion of fur rther members to «just determined framew orks, although 
they have rarely been thus connie d. This manner of regarding the them 
2 di most serv iceable i in connection with their calculation, but the course 
of evolution. has rather been the deriv vation of «just determined” 


Ther recital of the more obvious characteristics of the indeterminate 
frameworks, just would seem alone a sufficient condemnation 


will serve to confirm "definitely | this view. statical. analysis 


aD 18 


frameworks with superfluous bars shows them to be inferior 


= 


a economy and strength while not superior in stiffness to the best : 


= designs without ‘superfluous bars. bars. 


The objectionable characteristics of indeterminate « hove 


7 - been known, but hitherto have been regarded as offset by « certain 
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supposed virtues. economy and stiffness which have ascribed 


to them. the correction of these mistaken beliefs through analy- 


of t eliefs 
sis, W hich i is the ahjoet of this ‘Paper, will destroy the prestige of inde 


‘terminate structures s only i in n part. i They have, and will long continue 
to have, the support of many able engineers, whose experien ience, paren ; 


een en largely with such structures, prejudices them i in their favor and 
disables them from appreciating and weighing their defects clearly. 


‘for beliefs rather haw through reason ‘establishing belief, some these 


engineers 8 will make much of what analysis has not yet defined and will 


strive to make of the unknow and, for the present, 


beliefs. ‘We shall find ‘them taking to ground so difficult that 


frame are not static, but dynamic; that inferiority, demonstrated 
a - for static loads, no longer i is true of mov ring loads; and that the it intro- “a 


duction of vibration in addition to static deflections wholly « alters. the 


7 case a and leaves indeterminate structures, after all, masters of the field. 


Bu it 1 must be remembered that these will only be claims, not ae 


proofs. They can only ‘be supported by y general can 


be effectively answered in the same fashion. Experience has 


determination, all not p prov en by analysis remains 
Let us ay ‘not be “mill speedily by of of or 


loading on stress distribution), we have only to ao with appeals | to . 
ignorance, which can hardly be regarded as adding strength to the — 


re _ The writer does not wish b by the preceding t to belittle the import. 


In due time and in their order they — 


should be and doubtless ill be be studied and given proper consider- — 

ation. But first we must study y and understand the static phenomena 
are at their foundation, hey | will not 


In the paper no attempt ic is to treat 


| 
(i<asG 
— 
able, not simply a defence, Dut a justincation Of the Continuance er 
theorist, at least as yet, 1s unable to follow and settle the matter de-— 
— 
and complex phenomena (the writer has heard brought up the 
speed at which stress travels and the consequent effect of the time < = : 
{ 
iii 
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other than the static side ot the question. an to begin with we smay q 

point ot out a fact, hitherto almost wholly disregarded, which makes 

9 indeterminate frameworks worthy of the name far more than does the 4g 

fact that they are statically i indeterminate ate, 4 


or 


wi We have | already n noted that in indeterminate frameworks the | num- 


of unknown wn quantities i is ‘greater t than the number of f equations 


condition furnished by statics, that is m >é con- 


4 yeniently r regard the framework as possessing : as many superfluous 
bars as m 7 exceeds 3n. the bars i(i=htom inclusive) 


¥ 


inclusive) form with the supports astatically determinate framew work, = 


1 
selected as the superfluous bars ; then the remaining bars e ==] to 
erminate fra 


haved | in any ber e this determined feu ame- 


» 


4 in this bar e which a unity in one of the | bars 7 


Ww rould cause i in e if there were tate external load and if of the ‘superfluous ; 
7 bars the bar i alone’ were in ‘action, and let S; be the actual stress i in 
z= superfluous bar i when the given | load is applied to the actual ¥ 


stress 8, in a bar e is evidently g given by the formula: eer 9: 4 


framework with all ‘its superfluous” bars acting. "Then the actual 


—and here i is the commonly neglected consideration—as far as 
4 the laws of statics are concerned, only the S,, and the S,’ are fixed 


>, 
¢ 


Z and determinate, , while the & S; may be ‘anything ; ; they are truly inde- 


‘ terminate end | not , as commonly stated, fixed by certain auxiliary 


equations of elasticity. What does fix. them i in with given 


_ elastic constants and given bar sections is, under given conditions of 


temperature, the precise “lengths of the bars. as matter of 

_ fact, in any existing structure these lengths of bars are never known : 


with anything I like exactitude, as will be evident when one e considers = 
‘ that, with a modulus of elasticity. of 30 000 000 Ibs. per r square ‘inch, 
_& bar of si of steel 10 ft. . long, w whose length is not known within a thou- - 


- sandth of a ry would not have its intensity of stress known within | 


10 x 1000 = 3 000 Ibs. per square inch, 


probable. working stress. Designers and computers: have passed over 


this difficulty, often, ‘if pa generally, unconsciously, | by the simple 


assumption, unwarranted by any corresponding precautions in 
struction or of existing structures, that, at a 


4 a . 
| 
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temperature and with a certain loading, a certain of stress exists a - 
throughout the structure. . Usually, this takes the simple form of the 


assumption that the structure, when free from Joadin ng and uniformly 


the mean temperature, is free from all s stress, ‘Then truly the equa- 
- tions of elasticity define the stresses under all other conditions of wel * 
tage and temperature, but it is Sie far from warranted | sasumaption and 


: 
not the equations of elasticity which removes the indetermination. 


Since the stresses in the superfluous bars are n not ot fixed by ‘equations 
| but by their lengths, we have i it in in our 


given loading by giving them su suitable rengths, ‘and | this without it in 


any way altering the figure of the framework (because t the changes <i oF 


“length o of the: superfluous: bars required in all practical cases W youl ld be 


very small), and without altering | the sections of the ba bars, that i is, the he 


"design as it is ordinarily defined. these superfluous bars be in 
number this gives us a ktple degree of freedom in the ‘design of such 
ar 7 a framework, and the same > degree of of indetermination i in the computa. 


tion of such an n existing framework. Ks Unlike the case of : a — 


determined framew ork where the distribution n of stresses due to 


Given loading i is invariable, that distribution may here be varied in an 


infinity, a tuple infinity, of w ways. s. In designing, we ‘may select any 


one of these at will, then design the cross-sections to suit, and finally 

compute very exactly the he corresponding lengths of the bars. Tt will 

to construct them exactly a as computed to realize the 


di distribution. | But if the structure be be an existing one one given us to 


‘ Soononid who can say whieh one of this i infinity of possible stress dis- 


tribu tions that actually existing under | given conditions ? “The =" 


is actually indeterminate and in degree the 


“number k of superfluous bars i is greater. 
We are now prepared to consider subject the title, “The 


Exact Design of Indetermin nate e Frameworks.” first, what i is 


by exact ” design Any. one familiar with the ‘design of indetermin n- 

frameworks is aware that, unlike the design of determinate frame 

works (if - neglect | t the es estimation | of dead weight), the process is b © 


essentially tentative instead of direct. That i is, given the figure o of the 
framework, certain bar sections are assumed, calculations ns of the 


stresses corresponding m made (ont the assumption of no stress under no 
load at mean’ temperature), the divergences from the desired con- 
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sections at, at, the ‘computations all repeated, new ew corrections 


- guessed at, then new ‘computations made, : e, and so on, repeating ag again 


a and again | all the work until the result approaches that desired suf- 

q ficien ~ to be acceptable. aN But as an alteration i in the section of “a. , 


ar affects the stress not in itself alone, but in many other bars: a 


also this process of correction is not simply exceedingly laborious, 2 
but, as every designer of such structures knows, very y uncertain; and “a 
a after infinite labor the result obtained is usually on one, the deviations of 


which from the set conditions | of maximum allowable intensity 
ik 


~ >: stress are such as would not ‘be tolerated by any good engineer in a 


By exact” design is meant: Expressing in caste con- 
ad sas to intensity of stress. to be satisfied by the soluti 


given and then by direct: ‘Solution of ‘equations, 


m ciated that an exact method, from a any question of 
advantage ¢ over ‘the old tentative method, would be > likely t to thr throw most 
.: instructive light on n the > properties of indeterminate designs, ms, which the 
“ old method could only feebly g give through | statistics, or a 
not at all; and the object in bringing forward this ‘ exact” mothod 
“fl simply t to throw such light; for, apart from the fact that the wr ma 
reaches through this method the conclusion that the best designs | of — 
a indeterminate frameworks are necessarily inferior to those of determin- 
ate frameworks which necessitate no such the illustrations to 
ively that the mathe- 


matical di difficulties of the exact its 


To begin with, we will consider the simple but very instructive 


‘important of design for single given loading, subject to the con- 
dition of a given intensity of stress in each bar under that nding 
_ This case will bes somewhat briefly treated, since, in peyton article,* 
has been fully ¢ considered and illustrated. da. ay 


As pointed out pr prev iously, an infinite variety y of s distributions 


_* Technology Quarterly, J une, 
‘the Design of Frameworks 
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without any tentative process (other than that mathematically neces- = 
to solve the equations), obtaining at once and exactly the desired 
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sections of th the e members. . Having selected at will any one of f these 
inom distributions, we next design the cross- -sections of the e various 
members to carry the stresses thus: assigned them w with the assigned 
intensities of stress, using column 1 formulas or not as we we choose. I It is ~ 
pnden remains to determine the lengths of the bars n necessary y to ensure es 
the supposed stress distribution. This we may do as f 
o as follows: 

length of every line 


is is geometrically determinate it the date for the figure are > sufficient, 


the pra (where = to of ¢ every one ne of t the m bars. 


Now, we know supposing the points ‘of support fixed, the exact 


form | a a statically. determined ‘framew ork with the jointe 
(see page 573) . The lengths of the bars" i(i=h to Dm), which we have 
termed the superfiuous bere, are re therefore geometrically 
from the lengths o of the Let us assume the actual unstrained 
lengths f from center to center of joints of the bars e, at standar standard tem- 


“perature: (lengths which we may in 1), to be t 


standard temperature, the supertiuous bars i, ‘80 ‘under 


given loading, each bar shall have the stress have 
t 1 for it. 


‘These lengths l; will not in general be the same as the lengths 7 
which we may regard as exactly define defined through the and there- there- 
fore known. known. For, under the given loading the bars e are subject hes 


stresses S, and, therefore, no longer have the lengths but 
have the strained lengths L, + —*, where E,and A, are the modu- 


Jus of elasticity and the section area, respectively, of t the bar Qe An 


‘the from to center of the joints connected by by 


superfiuous bars. i, that is the strained lengths of the superfluous bars 


i, are at the distances defined by and ‘vesulting from these strained 


lengths L, + If we determine hese strained of the 
superfluous: bars and then design their actual lengths li 80 that the 


strained correspond to their “supposed streasea Ss ous 


so ‘that the strained lengths shall be ‘then we shall 
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dently have t so made our design as to secure our supposed dis stribution 7 


f stress. _ These strained lengths of the bars i might be directly 4 


0 
"determined by ordinary geometrical principles from the strained 
L, + of the bars: 6 but, since we have all the figure 
lengths and we may the changes from these to be very 


7 it is s preferable to proceed as as follows 8, , making use o of the » princi- oe 


r from ange causes whatsoever, then the. consequent approach of any ‘pair + 
a joints not connected by a bar e will evidently be the the 


7 ple of virtual work. Let the bars e ‘suffer f any small elongations: 4, 4 


: work that would be done by t two equal ¢ and opposite forces of unity, 


each acting at those joints tow ard each other, through this approach, 


wan this external work of the pair of forces’ ‘unity would in turn be 


equal t to the internal work the stresses balancing them in the bars e 


RQ 
would do through th ‘the elongations 4 4 the | bars Now, these stresses 


un anity betw een the joints to be connected by the sladiane bar’ i, we ; 

a readily see are ‘the quantities Ss’ , already noted 7 page 362, Ta) that 

the approach of the o be connected by the bar due to the 


L 6, is. length o of the bar i which i is also, 


as we have e noted, l; * EA; so that we find for our yur desired unstrained 


(where we note that the 8; are zero all values from 


* For a much fuller account of the here used its see 
_ article ‘On the application of the Principle of Virtual Velocities to the Determination 
_ of the Defiections and Stresses of Frames,” by Professor George F. Swain, in the Journal — 


al 
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The foregoing neglects any temperature changes, but» were there 


 guch they would be accounted for by putting 4, ly, 
_ where rt is the coefficient of expansion and ¢ the increase in temperature 


“above the standard used. 
This determination of the exact values of the bar lengths, ined / 
"ensures the supposed stress distribution under the given loading, 


completes s the design, but there s still remains a matter of interest al 


consideration, the primary ” ’ stresses or stresses r remaining in the bars 
after is s removed i, That such primary stresses will i ingen- 


I, menace more or less from the figure lengths Ly w which would — 


spond to a condition of no stress at standard temperature with no 
load. 2 Let us denote the p primary 7 stresses by (S); then, : reasoning as 


before, the (S,) in the bars ¢ determine the 


centers of any ‘one of the superfluous bars i to be pe 


But this is the ee of oi bar i under its primary stress, orthelength = 


which, adopting the previous notation, we can express in form 


= + 


Now, for each of the k superfluous bars i poms can write om ouch an an 


iy 


= ‘equation, each of which contains the primary y stresses (5 S) as the c only 


unknow ns and they appear on! only in the first degree. OB But the primary 
Stresses — in 1 the bars e we ve know are c expressible i in terms of the the primary 


in the ‘superfluous ‘bars a through the linear equation — 


oO (see page 362), ‘so that, making these substitutions c 


ing they become simply linear equatior 


a between the aban primary superfluous bar stresses (S,). These 
— solved, from the now known n (8) we determine the (S,), and 


80 all the prim ir ses. | We have o » only to note that the primary 


how thus found must be less than those occurring under the ne given 


Joading, for the design to be acceptable, 


— 

= 4 

— 

| 

v 

4 
— — 
— 
— 
— 

4 

— 

tun, 

— 


pose the section areas were designed by the » simple rule A a 

' where 6 was the working stress allowed. “Then A being simply pro 

4 portional to the stress 8, each section area, and, , therefore, ‘the 


of material of each bar, ¥ would be proportional to its tress 


= 
a 
BB 
B 
2 
i=} 
9 
ro) 
= 
= 
n 
for) 
o 


But stresses S, in the bars e are in terms of stresses 


(wh hich would o occur i in them giv loading if there w 


4 


stresses through t! the linear equation S,=S,, + S, 8,' page 
 ——— 362), 80 that ultimately the volume is expressible in the form 
where C; and are constants. Now, were ¢; and C ‘the ‘same, 
whatever the 8, might be, V would take all values from 
by suitably varying the But, actually, we are limited by the condi- 
that must always r remain 1 positive, sc so that, if by ar any va varia~ 
tion of the stress in any bar becomes zero and ‘changes to stress 
the “opposite kind, its working stress 6 the same instant is 
a changed in kind, whieh involves a in the ‘sign of 
also a change in its value if different working stresses in tension 


Ng and compression be used. Thus, re is exp oressed a ‘discontinuous 


linear function of the k independent variables S,, the discontinuity of 

a a which occurs only when so some bar stress becomes zero. Such a func- ce 

tion has a minimum only at at a a point: of complete discontinuity, that 


i: @ is, where the variation of the arbitrary stresses 8; causes eed bars to to 


“¢ pass simultaneously through z zero stress, whence the conclusion: are 
es 
The least material is ‘required in a framework of ‘given figure to ig 
resist a given loading with prescribed intensities of stress in its mem- 


2 _ bers, for some some distribution of stress 8 which makes : zero ro the stress in as 


many bars as are superfluous. 


statically determined framework of included 1 figure is most 


- economic form of | a framework of given indeterminate figure fo for the 
~ 


support of a given loading, 


a 


| 
Ee. 

14 
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— 
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Asimple and much more objective proof of this same fact, on 


—_ basis, due to Professor George F. Swain, will be found in a. 


ticle in the Technology Quarterly, before mentioned. — But, it may Rs 


both these proofs are based on the sin simple rule of 


by more complicated 


formulas. Now, it can easily be shown that the change in in volume ofa 


given framework due to: slight change d S, in the in one of the 
superfluous bars i of | the framews ork, independently ¢ of all ‘others, is 


— 
(A 


ME 


(Ay) in no case dimin nishes numerically as increases, that. 


; prov iding that a post n never ¢ gains less i in strength for a given increase 
— inits area as: the area increases, d V will not change its sign from 


negative ” positive during continuous variation, and therefore chang- 
S 80 as to make dV negative, that i is, so. as to. diminish the total 
; iy volume of material employed, will continue to diminish that volume oS 


? ‘reduced to Zero. As before, , we reach. the conclusion that asma as many bare 


as are e superfinons must have their sections reduced to zero for most 7 es. 5 
omic proportions. But the condition as to post f formula on which 


until a a point of discontinuity is attained where some 's section 


onclusion is founded is true of all formulas of the -Gordon- 


Rankine type, those almost: ‘universal i in practice; therefore, the con- 6) 


J clusion a as to the: superior economy 0 ofan included statically ‘determined 
| design holds, under the present standard rules of design. 4 


change in the positions of the joints, therefore t 


_ framework, | is completely defined by the strains of the bars left -_ 


We may note a further consequence, relating t to ‘stiffness. 


excluding i in any way as many bars as are superfiuous (see. page 365) is" 
That is, the deflection of : any indeterminate framework from a state of _ 


“no stress unde under no load (the common n supposition), to its actual state . ss 
of stress under a giv en load, is precisely the same as that of as any of the | 


: - determined frameworks of included figure, which we may design to 


carry the same ame loading with the same intensities of stress in the corre 


sponding bars. bars. But at least o one of these latter frameworks 1 would | 7 


—_— 
wheres 
= 
re 8, = , expres 
q 
“18 = 
7 1 ¥ 


q 


_ carry this load with less material in its bars ee 


be stiffer constructio on, since, with the e amount of 


I ld b ll 


=f Thus we see that a given loading can always be carried, , with Pre- 
_ cisely the same deflections, with the same intensities of stress and with 
material in the ‘bars, by a statically determined framework the 


- figure ¢ of which is included in that of the ¢ given n indeterminate frame- 
as » than | by th the given framework, | which may be any whatever. 


These same considerations, by simple modification, ‘yield the 
; antes as applied to the cost of the material where different materials se 


— a e used, as steel cable for tension members and rolled metal for com- 

What of the bearing o facts? hile it is true that 


hold strictly only for the case of asingle Lined their — for all 


is very considerable. 
a Frequently, perhaps usually in 
of loadings determines the of almost all the prin- 
cipal members of the framework, the members not thus determined — 
men the total quantity of material employed but slightly. This is — 
- ~parti rly the case for large structures in which dead weight plays a 
leading part, and where the total quantity of material employed is 
_ large that economy in this direction is particularly desirable. In such 
one loading virtually rules the design, and our fore- 
: — going results hold approximately true. The consideration of the effects 
ng in these cases, although of great importance asfar , 


a" as the strength of the structure goes, is of wholly y secondary ry significance * 


Jrom our economic point of view.” 


where all the foregoing will be found more fully explained as well as 4 3 


illustrated, we will turn to the more general ‘and new part of the s sub- 
ject, the exact design of indeterminate frameworks subject to covers! 3 


different londings.* 


‘Perhaps the readily comprehensible derivation and most simp 


form of the equations whose solution furnishes an exact design of any 
"indeterminate framework of given subject to to any series of 


= loadings and under any given con 


4 As we have already noted on page 366, if, any 1, ‘the 
a __ * The writer here desires to state his indebtedness to Professor George F. Swain for _ 
‘the suggestion of the possibility of such exact design, and, further, to acknow ledge 
‘many other valuable suggestions, as well as a critical review of the present article, by 


_ Professor Swain, under whom the writer first studied structures and learned to appre-_ 
: ciate the superiority of statically determined construction. _ “ea 


a 


a 
= 
— 
— 
— 
— : 
Bes; 
— 
ig 
— 
le 
4 
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or, in 


: through the — 


of any superfluous: bar iis shorter length of its line inthe 


And if oe any y other loading, 2, the stresses in n the same framework bch 


S, the same quantity is given by 


But since the by which the unstrained length of any super- 


- fluous bar is shorter than the length 0 of its line i in a the given figure of 


change of (or rather, of the stresses existing under them), we 
will have, for each s superfluous bar i, an equation | of the ne form ear 


whatever our rules of design m may be, be, the section areas. A, will 
be definite functions, of some ort, of ‘the st stresses S,; and the sizenven ae 


4S, are in turn linear functions of the stresses S, in the superfluous _ 


determined framework ‘of bars 1 to g g the 


S,,, are the stresses” which load would id cause in that 


the “equations s shown own are "implicit equations of 


between the stresses S,. ‘ete., in the superfluous 


necessary q 
ar de ms various loadings 1, 2, etc. te. Fe For each ch superfluous bar i 


of loadings there i is ones such. equation, is, if 


each bar i there will be. 


ach 


stresses in the members be denoted by S, then the unstrained length 
| 

7 

Wal 

7 — 

_where the S, are tl cause in the _ 

if 

q 

| 


loadings, and in all there are k N of the -superfiuous barstresses 
etc., between which the | above -1) necessary relatio 


ons 


S 


ber: under one loading may > be arbitrarily taken, or, more generally, 


any k further consistent relations between the stresses S, may arbi- 


q _trarily be set, ,and t then a solution rigorously satisfying g the given en con- 

: ditions of design as expressed through the primary equations, directly 

obtained. For, the. solution of the ¢ equations under these circumstances 


_ furnishes us the stresses S; in in the superfluous bars bars under all the give of 
loadings, ‘thence at once all the stresses under the e given loadings, 
through the prescribed conditions of design gn all the section 
areas, and finally thence, as previously explained, - the precise un- 


7 strained lengths of the: superfluous bars. But here a criticiem is neces-— 


‘sary. . The complete mathematical solution of such a set of equatio ions 
general, of a considerable number separate solutions, 


not of which may real, and of real solutions, some or or all 
design not t expressible 


th in » the equations, a These w vil generally be conditions of inequality such 


as that in the design | thus obtained the most unfavorable _ demands 


_ shall be those euppesed most und unfavorable i in drawing up the equations, 
7 and therefore the basis of those equations For ; example, the rule of 
¥ design being that each bar under its most unfavorable loading shall 
have stress of a prescribed intensity, in drawing up the equations, he 
- most unfavorable loading for each bar must, in advance, be judged, 


the equations drawn up accordingly, and then the solutions thus 


- obtained, w hich are real (and which will necessarily satisfy the condi- 


tion that under the selected loading for each bar it has the dl 
intensity of stress), must 1 further be tested as to their satisfying the 
7 suppositions as to most unfavorable loadings ender’ which the equa- 


i _ *If two extremes of ge were also to be considered, the effect would be _ 
double the number of loadings. Temperature may taken into by 
‘putting +r rf t for E,4, where +, is the contains of expansion. 


4 
_— . _ independent equations,* and if there be k superfluous bars in all, this — i 
e a total of N —]) synch independent equations 
| 

&§ 
7 

itself), possess a &™ple degree of indetermination, that is, in gt 

— 

q 

—— 
 ........ 


TE RMINATE FRAMEWORKS. . 

none of the real mathematical -solu- 


NDE 


will satisfy these e conditions, and thu 


will 


Jimitetions arise as * arbitrary setting of in the super- 


E- fluous bars, or more generally, the arbitrary setting , of k ‘additional | 
relations between these stresses. Nevertheless, infinity of 


OT 


designs of an indeterminate of given figure, under 
and subject to given conditions of design, is in general 


econd, to illustrate them by simple sle examples. 

7 One will be. most impressed, , perhaps, by the fact of the posite - 
Iti licit of exact ond designs of frameworks of 


ssible. remains for us first to note some of the consequences, and 


"will not necessarily be a the fact that | 
- design for an indeterminate framework of given figure subject to. 


that i is, will require far less material some such designs w will, 
_ be far stiffer than others, or will have | other points of superiority. a 
a Our end i is not simply to obtain any such design, but the best of such 
id 


But what the best h de 2 that d 
4 ut w hat is t e bes suc esign? > uppose we ) say tha lesign 


saneb economic of material i is ee best. The material in the 


whieh i is a the prescribed conditions of design, of 


We may determine mathematically the necessary relations for this to - 
a be a minimum, make these the additional arbitrary. relations and thus _ 


we 


economic designs 1 will be e that sought. 
7 ‘And what will be the natur 
* as in the case of design under a a single 1 loading, will it necessarily ne 


some statically determined framework of included figure. The fact 


obtain the most The ‘most economic of these 


- that the volume of ‘material no longer is is expressible | on any basis of 
ear function of independent variabl 


i 

tions were drawnup. Freque 

i 

= — 

— 

— 

» 

4 

which 1s a 

the Dar stresses S, that 18, nnally, of the superftiuous Dar stresses 

= 

4 


an which will only occur when as 


_ subject to very diverse principal | landings, and not at all, or in but 
si small degree, to. large structures, the dead weight of which . is prom- a 
_ inent, is never likely to be considerable, and only exists at all through 

neglect of temperature atresses to > which the indeterminate 
ructure is not, and the ; 
r neglect of all © consequences "dimensioning end work in 

& erection of other than most extreme the neglect 0 of any 

lack of absolute resistance all supports, and the “neglect: of. any 


7 yielding at the joints and set or other yielding under operation; all + 


which must in practice exist, and considerably affect the 
minate co construction where. they inappreciably | affect the determinate. 


determinate stresses: than in by even the most economic of single inde- 
a terminate designs of of thew given, figure, so that the conclusion i is abso- 
= Ww arranted thet: 


a s self interference with e efficiency.” 
= Turning to the question of sti ee little can be added to 
has already been said. Indeterminate designs subject to sevens 
loadings will i in general have deflections of a different character from 
those of : any y one of the determinate designs of included figure. It 
_ therefore, impossible to to set any basis of comparison that would not at 4 
4 once be subject to much criticiem. 4 The writer will merely observe that B, 


the comparisons bet’ between ‘such structures, with which he is ‘is familiar, 


a accepted ‘conclusions, n notably o on n the ‘comparative , stiffness of three- 
hinged and two-hinged or hingeless: arches, are not justifiable. . The 


a a have usually been made on most | unfair bases, a and ¢ some heed generally 4 


writer’s own very limited but fairly -equable comparisons show clearly 


no marked d superiority can be attributed to either type in 


suggest th found which conclus- 
by 
= 
_determined designs, of figures included within that of a given indeter- 
tm a 
. 
q 
4 
ii. 


on INDETERMINATE FRAMEWORKS. 
so that nothing but a 
: conclusion in any case is possible. Some later illustrations will make — 


this clear. in it must t be conceded that the thatin 


‘static determination n through 


use of certain devices, play has been introduced, ‘most objection- 


able in moving at high speed, only shows the 


defective: charact ter of e devices used, and in no wise . attains s the jhe 


oo the oni of which does not necessarily involve the — 


of these devices, 

Lastly, what of safety of fra 3 W aperfluo 
a bars? Since there are ‘superfluous | bars aana are bars the rupture of r 


which not necessarily, involve the of the framework, and 


this i is certainly element of. safety; but, “generally, not every bar 


- may be regarded as a superfluous bar, so that in an indeterminate _ 


ork the rupture e of some bars would not less necessarily 


- the failure of the ‘structure than in 1 the case of a determinate frame 


work. ‘Finally, even of the bars the omission of which h would 1 
x remaining ‘portion. statically “determined therefore, which, 


from this his point of view, are not essential, ‘some, perhaps many, will 4 


be of such actual importance in the stractuse that their removal 
would result in serious overstrain of some e of the 1 remaining bars, and 
thereby failure; while of those still: remaining the sudden rupture 


of some and the accompanying shock would be fatal to the structure. — 


superior safety due to the use of superfluous bars ‘is evidently 
very lil limited; and, when we that. the ‘statically determined 


tructures ‘require less material to satisfy. the same conditions 


design, i t becomes questionable whether for equal amounts of 
material the determinate design, which would then have lower — 


stress than the it indeterminate design, would not, , therefore, be ai at least | 


Turning from these general let us examine a little 


more closely the equations ‘through the solution of which exact cd 
designs are are to be obtained. Th implicit and symbolic form in which 


we have stated them gives them a most deceptive appearan 
simplicity which is. very far from with facts. 


form we should find each equation 


a} 

certain cases, 1n the attempt to secure 

| & 

a 

beg a 

— 

— 

- 

E 

— 

of 

«terms in the form of fractions, eac raction having for numerator a 

| ~—_ linear function of the variables S, but for denominator a linear or el 
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_ the rules of design | used, and, v very likely, it would not be a a 


integral function. ‘The simplest t possible rule of design, making 
areas proportional to the stress borne— 


nator linear i in 1 terms oft tthe But the: introduction 0 of 


formulas of the Gordon- Rankine ty used, at once 


would introduce fractional functions the variable into the -denom- 


inator. Now, these equations ir aie fractions have a most delusive appear. 


ance of simplicity. Only when w we e have accomplished their reduction — 
to whole: integral equations, very considerable although theoretically 


simple undertaking in itself, are we able to form ‘some conception of + 
what is involved in obtaining a solution. Then w we discover that 


_ have a series of simultaneous equations of higher degree than the first | ; 
between numerous unknowns. The indetermination having been 


removed b by t the introduction of suitable e arbitrary relations, by per 
fectly: well- knows. methods of elimination, these equations are ev ent 
ually reducible toa s single equation with one unknown, the solution of 
which then ‘by numerical methods» (for, of of course, we are dealing 


4 with equations with known numerical coeflicients), offers no theoretic 


- difficulty; but practically i in any actual case the work involved would 
be e appalling. And t then the solutions obtained | may prove worthless, 
as they may not be consistent with the suppositions on which the 


- equations were drawn up. up. ‘The number of such. possible suppositions 


will generally be very considerable, a1 and it may well happen that many = 


4 trials will be necessary before admissible solutions will be found, thus 
on ‘multiplying the labor man many | times; .es; and, if we wished to ‘be complete 
in our mathematical solution, all possible suppositions should be 


f examined, making g anu undertaking from which even the bravest cal- 


of one of the primary equations 18 when written explicitly but simply — 


> 


, is given, as 


A=— 


a 
— 4 : 
A 
a 
4 
tm 
— 
a 4 
basis of design is 


Si. s 


- 


wl 7s! + 
1 


‘gant 


B,(S,, +25, 8" +38, 80) 


bar i for the equation is “written, have | their 


_ Stresses under ‘the loading 1, while the bars e, (e =d to 0 g), have their 
greatest stresses under loading 2. “This ec equation is still in abbre- 


-viated and symbolic form, in 1 part and shortened 
by the use of the symbol 2 = i Remember that for each h remaining of the : 


superfluous there ‘is a similar ‘equation. These equations 


& that i is, of degree one higher than the aunties of bars i in the Sie 

work not superfluous, Had there been N different loadings ‘instead 

ny of but two there would have been not simply k such equations an 


(J such equations, as previously a But this not 


eatest st esse: 


r loading 1, the others their 


ay a may not find solutions 
o be complete we » should 


ossible cases whi e 2” in number, that is, 


‘such sets of & 


— #8 

a 

= 

: 

— 

fe 

x 

had their gr: unde 
greatest stresses under loading 2. We m 

consistent with this, and, in any case 

should investigate, perhaps solve, 2” 

had we N loadings instead of only two, this number of possible 

IEE! 


it will be seen that a complete, exact, matnemnetienh Solution, ae 


on simplest possible conditions of design, great, labor, 


y rapidly increasing as the number of bars— in the framework 


increases. The justness of the statement, made earlier, that tie a 


exact method was not to be | thought ‘of for use in practical designing, : 


amply confirm this. But since methods are not applicable | 


in practice, and the tentative methods of the past will continue to 0 be. 
and at can never better most resu 


_ will now be perceived, and it is thought that the illustrations followin ing 


ger 
designs, 0 of even their advantages, wil be clear; 


InawereaTsous oF OF ‘Desien oF OF INDETERMINATE FRAMEWORKS UNDER 


Let it be required to design fi frame- 


work “the form and ‘dimensions: “shown 
in it shall” support either 
the pall in a horizontal ‘direction, thus or weight. 


that & each bar, its most avorab 


Denoting the numbers 1 and 2, and the 
ver tical pax number 3 (see Fig. D), calling the loading 
with the ean pull the loading P, and the loading with the verti a 


eal weight the loading let ‘us suppose that i in the bars 1 end 2 the 


maximum stress occurs under the loading P and in the bar under 


the loading W, so that 
the bar 1 being designed under tensile stress and the bars 2 and 
* 


4 
q 
— ideal has been completely vindicated by increased knowledge it is. 
7 - @ 
— 
> 
— 4 
— 
— 
— 
tm 
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unity in it would 


aor 


= = — 0.707 (see Fig. E) The ay apex of triangle sinks more 
4 under the load W than under the pull P by 


+ 0.707P — 0. 


—0.707 


707P — 0.7078, 
S, +58',8, _0. 107 0. 
that the relation 1 may be be written 


_ which is a a quadratic equation in s 
«BS 8; = = 0, then S;, = 0, the bar bar 3 3 having : zero area. 7 


S;, = ‘&P, then 8, pone —W, either bar 1 or bar 2 having zero area. 
= 0, then 8; = — dle =, bars ‘bars 1 and 2 being of the same 


note that 5,3 is the primary stress in bar a since it does not r 

Sp. 

It will be seen that the bar 3 can only be used to advantage when 


ary with P, and the p primary ry stresses in 1 and 2 a: are - = = 707 » 


- is greater than P P, which we will suppose 50 to be the case. oe 
thi: 

; Since land 2 are most efficient in resisting P we have supposed _ 

them designed under P, while 3, which i is only efficient in resisting W, ae 
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‘Treat bar 3 as the superfluous b 

| 
ssimple relation  . 3 

4 


we have supposed ‘under Thus we must satisf 


also 


A A consequence ce of this last pair of inequalities i is that S? ‘. - <( 


50 that is volume of mate material in the bars 1 and 2 
under these circumstances, | and aah constant. For economy then, ve 


must 50 choose Ss, p Within t the above limits that, while satisfying the ‘i 
remaining i inequalities, yy Shall be as small as possible. 


a yg Let us us take w= 100 0 tons, P= = 60 tons, and worming 
+ (750 =m) = 


—_— ~~ 4 tons, ata 65.8 tons, of which the former is excluded 


by the condition 3’, > 
Taking the solution of By. =— - 65. 8 tons, w obtain the following: 

With no load, 


25 tons. 
With load P = = ip 24.75 
2 


With load W= 100 tons, Sy = =— 18 tons, 
= — 24.18 tons, 
The ‘section areas are: (bar 1) —— = 4.95 sq. in 


= 12.02 sq. ins., and (bar 3) = 13. 16 sq. ins. =] 


q 


ar 
-» (bar 2): 2 039.8 cu. ins. (oar 


579. cu. . ins., a total of 44 459 cu. in 


— 

— > primary 

— 
— =) 

— 
— 

— 

— 

— 

— q 

— 

aa 


Consider the following comparison 
The statically determined form has areas (bar 1) 16.97 sq. 


(bar 3) 20 sq. ay volumes (bar 1) 2 879. cu. ins., (bar 3) 


2400 cu. ins., a total of 5 279. ee cu. ins. aa: 
The lly determined form hes areas (bars 1 and 2) each 
14.14 sq ins. ; and volumes (bars 1 and 2) each 2 400 cu. ins., a total of 


But the combination or multiple” form J for P oa. 
P has areas (bars 1 and 2) 8.48 ins., and (bar 3) 8 sq. 
ins. ; and volumes (bars 1 1 and 2) each 1 440 cu. . ins., ston 3) 960 cu. ins., 


ay This illustrates clearly how "the indeterminate form may may be m ‘more Phos 


- economic than any single included determinate form, yet not as_ 
economic as a combination of determinate forms. aoe 


second value of (— 9.4 exclu the condition 
n the solution correctly as one of the a answers to 


‘the unrestricted problem. This partial exclusion of solutions, as pr 


viously noted, would usually oceur in problems of this ‘description, 


and often n not ev en one of the solutions woul b be admissible under the — 7 


Thus, in this case, Si, being tension and being compression, the 


> 
condition 


Sw 

= | in this case, 40 + + = =— Sr 


' 


P+ P+ W— Sip + Sry W+S, P—W+ Sp — Soy 


this becomes 2 — 0; or S? 


3p 
quadratic, of which bh Sp= = 26.056 is one root, and the corre-_ 
value of i is — — (40. +. S; 66. If we were to assume 
Sip greater tl than + 26. 056, | there would be no admissible s solution. in 
first glance it would seem tha t “the 
-(numerica lly) would be but if we 


— 

= 

«4g 

— 

— 
— whence P — 83, 1 
relation is P — W — S, 
If we substitute this in 

q 

iz 


between Ssp p and Ss and pat 


One roc root i is = =+ 19. 168, and the corresponding | (minimum) value 
14, gives: slightly more economy 


‘Thus far we <n ‘iia only the case of bars 1 and 2 with 
under and bar 3 with maximum load under W, and, 
moreover, the suppositions p>! 0, p< 0, < 0. 0. These 
--were not, perhaps, necessary, but apparently ar are essential page economic 


On the other hand, 
and 2s 2 should | have their maximum 1 loads under P for a most economic 3) 


"design 1 looks # reasonable, it be n so let examine 


a second case suppose bar to have. stress under 


bar 3 its maximum stress W as before. . Here we will 
Siw < 0, < 0 < 0, so that the bars are 


The is a 


or, replacing | Sip» 


— Spt Ssy 


a which, cleared of fractions, gives 


—PW+ WS,,—(P—27 Ww) Sy + 8 

8 and a cubic in N 


LA 


ta 
4 
+ + 28 80055, — 1 296 00055 — 302400008. +7 
te: > 
&g 
— 
| 

| 
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0.707(W+S&,) 
» 0.707 (P+ Sp) 


sq. ins. =12x14.14ins, 


S; 


Total volume = = A, A, 2b + A; = 24 
It is clear that for economy we must aim to small 


while ‘satisfying the ‘inequalities 8 p>s 


lp? 
= S The first two of these conditions require 


2p > ‘since == Se necessarily; and thence follows that 


Bow 


~~ these values, and they alone 


wails 0. Thos, if P+ Se W—S,>0, 


At the limit ay take S,_ 
= 15 tons, and this is the least allowable value of S33 in this case. 


he corresponding values are: 
25 


=0. 707 Sy, 


Ps = = A; = = 10. 60 sq. aaa 


= vol. bar 2 = 


bar 600 cu. ins. 


‘Total volume of bars = 4 200 ¢ cu. ins., — is a a considerably 


_— more economic design | than that of our first, case. 


=+1 16 tons is also the primary stress in bar 3. 


stress under In this case 


— 

=. 
A= 
a 
‘ 
x ‘ 3 

whence = P = + 15 ton 
— 
— 
4 

By - 0.707 (P + S,,) = — 53.02 tons, 

= 

As a third case, suppose Dar I has Maximum stress under P, 

> Sip Sy > 


8. 
>0 


+ wee 


which we may 


following the first are y less. “hy 


this equation 1+. (> 1) + =0, whic 


Li 
we suppose S then equation be 


— 8, ne 


Big 


= 
_¢ 


= 


we may write — 1 want. 
=0, 

possible only if S p> 0, that is, + <0, or 


As by: = 24 W — —28,, ) eu. ins, will Lbea minimum 


a maximum. the maximum values = 


—W oceur simultaneously, making» S. sp + 2 2 


2 W) a maximum. therefore, we at 
3p = — 60 tons, = 16. 96 s sq. » Vol. bar 1 = 2880cu. ins. 


—100tons, A, =" ol bar 2=0, 


= = + 84. 84 tons 20 in ol. bar = 2400 cu. ins. 


This ‘economic solution i is a statically determined 


0, < 0, and the ‘equation is 
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74) 

“a 

— 

which is 

— 

| 

q 

— stresses under 


FRAMEWORKS. a 
» and ‘consequently 8 pis the primary stress in 3. 


= Ay 
(2 W S,,,) eu. cu. ins. + will be a minimum for S;, -aminimum. 


0 gives + Bay 

+ Ww 0, since S, <0 


_58.02tons; A= 10.005 ins., 589. ins. 


Total he Mn te 24 (2 00 ee 4 200 cu. ins., which is identical with 


the most economic design of the second case 


e consider farther eases in in w hich 3 was designed under 


omic designs and ne need 1 no o study. 
‘The final conclusion is that in the most economic design | all bars — 
have their maximum stresses under the vertical load, and one of the 


bars, has the me stress under the horizontal pull, ‘a result somew hat 


different from that anticipated at the outset a cate = sido 
Asa ls 
support any one of the three loadings 


in 


solutions of the first ‘three of these preceding cases would not in 
general apply, since they are non-symmetrical. 7 But solutions of the 


last of the preceding evidently would apply, since ‘they are 


‘symmetrical, | and the most econo omic solution w will be the s same here as 


4 
A 


there. That is to say, the design with A, 


== ins., and havi a volume of 4200 cu. ins., and a a primary 


» smaller number of but economic 


the smaller number of loadings will be be the more more economical, and, 


evidently, it will never be the 1 less economical pai 


= 
Gere 4, — 
im 
te) Sty + W Sip = 0; whence = 
This gives — 
en 
= La 
| 
4 
a 
= 


‘solutions independent of limiting conditions, the s solution quadratic 


¥ equations w was necessary, in one of the cases the solution of a quintic 


a was involved in the determination of economic proportions, and last, | 
7 but perhaps not least, the examination of numerous cases of defining a: 


— loadings together with puzzling questions in connection with limiting ia 
7 nies, had to be gone through with befose the most economic 

design was found and established as s such. In. any other case the 


7 work of this ¢ case (wh hich i is hardly more than outlined here), and the — 


«difficulties would be multiplied many fold. equations would be 


of much higher degree and simultaneous, the different eee of satan ; 
to to be examined would be far more numerous, , and the con con- 
sequences of the limiting conditions would be infinitely complex 
and difficult to trace out. — problems sof a a practical description the a 
quantity ‘and oc y 


ILLUSTRATION OF | THE DesicN oF AN INDETERMINATE ARCH UNDER 
dimensions of | 


the arch are as follows: 


the rise being 12 ‘tt the quarter points being on the 


parabola through the vertex. and the supports. . The middle tie 
_ 10 ft. — and 5 ft. from the vertex and all other “ienencions follow — 


the arch being symmetrical, 


bars ix in a which | has been done by each 


pe selected inthe 
5 design of indeterminate frameworks subject to multiple loadings, wil 
= 
a 
‘ 
— 
4 
— 
2 
@ 
= 
4 
ye 
seript to distinguish the bars on the left f 


single letter z 


The we will treat 


as | the su 
stresses 


Ww Ve will s ill suppose only 


"joints to be points 
loading, neglect d 4 


ss weight, and consider the , ... 


0.833P 
various loadings formed 
applying the same 
vertical load P to any 
Bee one or more of the three vi 
points. Denoting the 
‘single Joadings by L, 


- oad is on the left, center 


writers 
or right. joint, we have | 


in single and and combined 


_ loadings the eight cases, 


L, C, R, LO, CR, 


* 


if LCR, and ‘‘no loading, 

but of these L and a 
Lc ond OR form s 


“v4 


six if we confine our- 

selves to symmetric di 
‘Signs. And only | two o of 


“these loadings, in addi- 


“tion to the case of « no 


> 
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loading,” require wn calculation, since » the others can be obtained _ 


on 


th tabl bi th 
1 suita 7 oom ining | ene. 


will be “observed | that the s stresses of Figs. 6, ‘and 8 


obtained 1 fr Fi 4 15 ly by addit 1 : 
d from Figs. 4 5 simply y by addi ition, 
Denoting the stresses under load C (Fig. 4) by S S, and 


simply, we find that the stresses under load R (Fig. 5) may bevery | 


conveniently ex} expressed in — of ‘these, ax and 1 similarly for all I the 7 


those in Fig. 4 , would be as shown i in Fig. * . 


of P, which ‘may 
omitted frc from the equa 


tions, but which must 


‘be taken into c consider- 


357 P ‘ P 
9 3 2 


“Fig. 10 shows ‘maximum bar s stresses of ‘the three- -hinged 
together with the loads © under which they occur. The | bar 


volumes and total which would to this as a design 


also given. 1 We have to find what economy over this can be secured | 
through introducing the bar z and the » design inde- 


able us to a 
in in the service to 


for ‘the design will will have similar 


The shortening of the distance z is 


Now the areas are the ‘maximum stresses given in Fig. 10 


divided by the working Stress; the quotients being taken 


whan tha ther « amittad am shawn in Mion 4 K 6, | 
y 
— — 
= 
- : stresses, interms of 
— 
{ > wll stresses in terms 
— 
d 
— 
| 
— 
— 
— 
— 
a 
— 
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tive. Or we may write — bz 


values of 5 with the signs of t the, S', and by aid of thees the values of 
) : = 6 z were calculated for all the loadings : as shown. range a 


reduce the range of — z within 20 since zbeing 10 ft. long, bz 


not vary more than 10 § either way from its mean. 


of the variations 3 2, we see readily that for ‘Greatest economy of 


a 


material in the bars b, and e the stress in z under or must 


be equal | but opposite ae ‘ 


in sign to that under 
C or CR, and simi- 
larly under ER equal 


of t opposite sign to 


that under ¢. There- 


+a +98 084 +34. 412 + 48.168 + 52. 


the ‘material in z its but 


would also be least for this condition 00 that it seems Prob- 


able that this will - furnish a, a, if not the, ‘most economic, indeterminate 
design. Only the the volumes of the bars al and ad would be favored 
further i nreasing ‘the resistance of z under the loading L LOR, and 
does not seem em probable that gains there would offset the consequent 
by the bars 5, and z. We will therefore seek the particular 


for whieh the stress i in z would with 4Po on neach point, 


to loading =—S, = 
primary stress) = 8, say. 


e are now co confronted with the question : ‘Under w what loadings 


a 
i 
exceeds 60. 1en the bar z 1s introduced, that must be so resistent as ‘s oy a 
4to8,andtheir — 
modification through introducing a bar z, by aid of the stresses shown 
i 
| 
if 
> + full load LOR. This requires that with 4 P on each point the = 7 = 
im 
= 
; 
4 & 


the bars probably have their maximum stresses 1 


y that, as i in the three- -hinged | arch, a and d have their ‘greatest 
stresses under LOR; b,c and under R and L(CR and and 
by the data of Fig, i, under LR C). Wer e will, 
first pro 


areas . A, and the Figs. 4 to 9 enable ws us to write the stresses | as follows: 


cr = 


> 


San =" - 48 


(2473) 


— 
It would seem 
— 
7 

4 

7S) By = + 48,(24 — | 


RMIN ATE ‘FRAMEWORK 


have equations such as >——~7~——- = 0. W riting 
: three pairs of symmetric loadings LCR and 0, R and CR, and LE Rand 
7S, (18 + ly , , 
_§(—2 + 78) 78, (+78) TS(—24+7S,) 
. &{1+ 1,  Sile 
7S;) 7S,(9 + 7S) la (2 + 3S.) 1, 
14S, 52 + 148, 


Now , if to the first of the above equations we add twice ce the se second ; 
nd then subtract the third, we obtain the simple relation S, + 28, — - 
=0. This we might otherwise have _pereeived from the ‘ollowing 
g: The loading LR is obtained by a adding to. the loading 
P, bP, 4 P the lo loading 3P, ‘The loading L CR is obtained 
by adding to the loading 3P, the loading And 
“half the difference of these additive loads (viz., } [( P,3P)— 
= (0, — aP, 0), added to 3P, 3P, 3P gives the loading 4P, 0, 
hich ‘would cause the same strain of the 0, 0, P or 
‘This i is a check of the abov e equations. = 


4 


+ 160) a i 208) a 4, 
2+ (28S, + 52) ) Sa(— 2+78,)1, 
+ 285; 1, 1608, 


+ 1048, 


—— 
— 
We suppose the coefficient of Masucity vo pe tne same for all bars, 

4 
— 

— 
= 

— 

=f 


— 


OILLEY ON INDETERMINATE 

where (5+ 7S (—2+ 1S) 


60y 

+ 14S, (B+ 14 

‘a \ 

by 1968, 

52S, (8 +14. 
-+ 288, (9+ 


(10 +. 148) (—44 14S,) 


The coefficients of S, in each of the above eubics i in contain the 
otherwise known « n quantities. reen the two 


a. 


a each of the above equations, and their intersections w ill furnish the = 


‘common roots. Adopting this latter method, we wefnd— ss 

S*,+ 6. 12.385 S, +3.975=0 —0,406 


ing values of S, from the we can the curves in part for 


1 1.912 S,+ 3.679 = 0 3.49 


+ 4.5888 4.139 S, + 0.479 — 0 has root — 0 135 


434 3.702 S, + 0. 781 = =0 ) has root — 0.336 


8208 + 12.006 + 8.441 0 
S, 05 


‘alee Plotting dion; we find an ‘intersection of the curve of the second 


— 0.049 ) S, =— - 0. de which is 


é 


S*,+ 6.62 10.83 S,+ L870=0 « « 


tm 

a 

4 
¢ients which, cleared of fractions, would yield an equation of about 

‘ad q vor ! the twentieth degree in S;. This we could then solve directly. Or, 

assuming a series of values of S. ar ete nine the correspond- 

i 

ltt 
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we get = +25, = — 0.420. 
‘But this ves us 
8, (647 x 0048) = — 3S, x 6.343 

|, Which is contrary to our  fupposition that has has its 


and is designed under the. loading R All other bars 


have their maximum stresses as supposed. must therefore sub- 


stitute A, = —_—* for its previous value, rewrite our ‘equations and 


solve again. affects only o one denominator of our equations 


page which thus changed become (the last two being 


S'(S,, @478)1 4 S, (10+ 78.) 


75 35 8 
3S) 


7S 


the substitution +: S, for and of fractions 


= 9016) a 
—49 (28 S,+ 80) S, 
+ 196(— 2+ S, 
+ 892 8, 
| (1568 St 4 8512.5, + 1632) a 
- 49 (160 S, + 104) 8, 
+ 616) (- 24 S, 
+ 7(112 S,+ 40)(- 


+ (78458, S, 


: 


— 

4 

i 


a 
q 
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(8960 9088 Ss — 1664) a’ 
784 2688 S,— 416) (-2+7S,)S_7, 
(4480S, + 1682) 7, 


i 4. (2912 S, — 832) S, ( 


"(11648 S, — 3328) S, « 


4.52 (3414 8 


these ‘equations just as in the preceding | we the 


Ray, 
S*, + 3.655 S®, + 0.8741 S?, — 1.2567 S 
4+ 6.761 S?, 411.420 S, + 2.885 = 
+ 8,674 + 0.9106 S*, — 1.2906 S — 0.8082 = 0 has root. 


+ 6.707 8%, 11.450 S, + 2.368 = 


| 


‘a 
Graphically interpolating, we find approximately — 0.0990 
— 0.2373, which gives S, = + 28, = 


— 


il: 
4 | 

a If S,=- 

4 

— 
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the formulas for the bar stresses out on Page” 


an 


to 8, page 387). 


contrary 


But w _ obser ve that, 


(and LC). : 
latter leading the u upper 
hord stresses are are 13 
the full loading. The 
design is is not, therefore, 


e, but since ince it A 


it will 


note the volume of 


material “takes 


The section areas are 
shown in Fig. 12, below 


which are the bar 


and d ‘under the 

ings” CR and LC, the 
economy is, some 


ras Section areas 
Fra, 12, 


Bar 


hinged arch (see Fig. 10, P43 
OW e have now to solve on the supposition that all as bars except 


ec and z have their greatest stresses under the loadings | CR and L C, ¥ 


that now 


- 
395 : — 

| 
gtresses in the bars a and Sf = 

4 

a 

E>, 

4 
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S, (24-7 


We We have, therefore, 
S' (Sr — Sor) l _ 78, (—247 


7 7S, 
(Sur — Se) 1 S, 7S, (3+ 4 7 7S) 


15,0478) 


These. contain only t the variables S; S,. “Writing. out in terms 


_ of we obtain the equati 
— 8 a 7 


14a” S*, + 
+1 14 851, 


(— 


“BOS, 
(1+38,) 


S, te 


Here our equations are much simpler t than betane, one being —* 


and the other quadratic in S.. We could readily eliminate obtain- 


ing a an equation of the elev wall degree in S,, but it will be simpler valli 
proceed as before by assuming values of S,, computing S, and graph- 


obtaining the the common roo ots. 
? + 0.098495 —0.14068 = 0 has root - 0.4277 
S, + 0.4345 = root 0.4345. 


101 Si + 0.10878, —0. 14349 
& 0.4348 = has root — 0.4348. 


if 

q = EWORKS, = 8 

— 

TH 

| 

= 

7 

5 

4 

pe 


= 


rer 


| 


thus 
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We through the formulas for bar on weet 


the series of stresses under the various loadings shown here in 


Figs. 4d to 8) and 

‘This ti time the qrent- 
est ; stresses all oceur 
under the loads as 
assumed, and the solu- 0.853P 4 
therefore that s sought. - 

The section areas ; 

are as given in Fig 13, 


together w with the load-— 


are signed. be- 

pat — 

1.209P 


388). The ite 


1.014P. 


the line 
from its length 


write always +), 


of 


CR 


Fic. 7 


e 


in Fig. M4, we obtain, by aid of the stresses 


in Fige. 4b to 8b and the values of - z shown above. 


iam 
4 
_ings under which they _ “er. 
> 

proves to be but 34 pr ‘ 

q Th 4 
| 
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Subtracting from the others the value for 4 (LCR) when the bar z has 


no st rain, we obtain = times the actual ‘strain of z. This should be 


loads LR and C, 1008, x 10 2.319 for R OR, 


respectively and + i346 ——— x 10 =+ 5.361 for LCR and “no load,” 
respectively. Even these, which are a trifle too large owing to ad 


a value of I, used, check within 349%, or within the . probable error from 


keeping | but four significant at figures int the 


normal or unstrained length of the bar z is its 


e loading which makes i zer mt 


This is (10 — — 18.5 ft. Ting 6 = 10 000 lbs. 


0.00618 ft., length of of 2 being | 9. 99382 ft. Itis seen 


an error ot a ten- 


thousandth of foot 
sensibly change 
_ the strain, and the same 


a is true of the o other bars. ‘a 

Load C No R LCR LR (LCR) 
E § +8.572+13.198 +16.242 +20. 540 +18.556 
tion of the stresses as 9.984 +2 +9,984 0,000 


4 here calculated, within, say, 1%, the bar lengths | should all be caleu- 
lated to five decimal places anc and ‘single er errors in the finished structure 
‘s should not much exceed a unit in the last decimal place. “fl That i is, ‘the 
lengths should be true to about one thousandth « of an 
‘ certainly closer than to one-thousandth a an inch. we must 


further suppose no comparable yielding of joints or abutments, 


% aff The relative stiffness of the indeterminate design: just obtained as om 
compared with that of the determinate (three- hinged) design is a a 
- matter of much interest, since it is frequently claimed that the two- 


hinged arch is stiffer than the three- -hinged arch. If by S' we indicate 
the stresses in’ the three e-hinged arch due te a load: of unity > 


on. any joint and by S the actual ‘stresses in the bars under any § given a 
257 will give the sinking of the 
joint in question under the given aati The values of S' for load 


~ To ensure the dist ibu- 


4 

tm 

a 

: 

= 

| 

it 

7 

q a 

= 

— 
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unity on the joint or on the right upper chord joint we 


obtain from Figs. and. 5, the values of we we obtain from to 


“gives deflections, _— 8 — 3.72 - 


ithout the factors; , are as follows: 
Plotted Deflections: 
Full line for Three-hinged a arch. 


nv! 
fee 


ad that ‘the deflections differ in character i the two cases. 


— 


‘The greatest deflections do not occur under the same ne loadings. 7 The 


greatest side. joint deflection of the three- hinged | arch is 5 some me 6% 


_— 


"greater: than that of the two- hinged arch, but the “greatest "center 

- joint deflection of the three- -hinged arch is some 15% less than that of , 
_ the two-hinged arel rch. The center deflections are little more than half a 


the quarter deftections in both cases. Practically one arch is about 
: as stiff as the other. Certainly the existence of the middle bar in on 

two- hinged arch appear to have given i it a ‘pronounced 


antage. 
Is the indeterminate solution w which we have found one of greatest ™ 


economy of material? it at is a ‘Solution at a of discon- 
" 

“dition of maximum stress, if the in zunder R wal 
ee: slightly less, the tension in z under C. R would be be > slightly greater, A, 

and A. would be. determined under the loading R, and A, and A, 
etermined under the loading = if the Co ompre 


| 

3 

q 

om 
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in z z under R were slightly greater, the tension it inz wader CR would =a 
be | slightly less, A, and A, would be determined “under the loading 
OR and A, and. A, would be determined under the loading L z For, hy 


consider the three equations | betwoon and CR,LR ond and 

and LR in the former case. S,, =8,+ by R= Ay 


and + 4y where 4 4; is +. Then 

S, (- 14 S,4+74,-74,) _7S, (6414 S, +174, -74,) ly 

S, (10 + 14 74,-7.4,) l, 7S, (20 + 148,4.74,- 

14 8,-7.4, + 74,) l, TS. (8- US,-74,474)h 

44148,+ 74,-74,) | 7s, (18 +148, 4 74,-74,) 

48 - 48-14 148, +1 + 144, 


28,+4,-4,) l, 

= 


18, (5-+ ly 
>. 
(2-78, + + 745) 


& 


q + S; +d, 
q 


Remembering that the are all small, and nating the 


400 
at 
— ‘ 
+s 
4 
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‘(Sir 

A 


4 
7S8,(74 
(7. 754 35S, 854s) | 
+5858, 


4-148, 
5 


a 
= 


~. _ 8! (Su - 


148, 


‘ 
a 


ow 

— 

— 


402 
These are are three linear betwe quan snttien 4s 


= = 0 } which give 


consider the ‘similar equations loadings J R and 


a, dandeare ‘under CR, pore cand z LR. e mi may 

at o1 once write them down in the s second form, the change being wr ae 

replacing 4 by and 4, by — where, in the e brackets, these 

havea a fora coefficient. e have: 


104148, 


1458, x 


(74; 14s, 14 


— 
— 
— 
— : 5 the 4 are all + as stated. But this change then increases all aa 
of the designing stresses S, , S, , 8.9 S, , 8, , and 8,» and 
|, 
im | 
| 
a 
a 7S, (- 74, + 74, + 144,) 1, 
— 


18, (74, + 


75 + 358, 


Nhe 7S, 5, 


S,(-74, +74, + 


144.) 


These wre three linear equations betwee 


en the the aie ir quantities 4p 
which may be reduced to the numerical equations: — : 


é 
ee 


2304, — 0. 313.4, =0 
4, 4,+0. 041.4,—0. 7444, =0 


4,=+ 0. 0.714, 
=+ 0. 0494, 


Thus A all of the same sign, or negative, and a, a, b, , dand e ehave 
their gre: greatest stresses under OR, and cand z theirs under LR, as asstated. ‘ 
a The ‘changes in: in volume due toa change 4, (increased compression inz 


under ( CR) are: “i 


4 


> Leal — 
| af 
40 a 
ee 
a 
ae 
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aad 2 (a + inishes = 34.1 404, 


yy ‘Thus this variation also increases the material used, the saving of 


material on. the bars a and d being s considerably mane than offset by the 


increased material in the bars c, eand ‘Thus the indeterm 
solution we hav have f found is ¢ at a point of discontinuity which is a point 
of greatest economy. ‘Now it is readily shown that a larger primary 


stress i in z is always less’ economic, and simple investigation shows 


that the smaller the primary tension ia s and therefore the greater its” 
greatest compression, the less saved on the bars a andd compared _ “a 
with that expended on the bars 3, c, ome, is 


a 


may conclude that the design obtained is the most economic sobution ‘ 
of the given tw hinged arch for the given loadings, on ans —_ of a 


uniform greatest m mean stress i in 


_ 

(b+e +e) increases = 42.304, 0 

3 3 A 
a 

‘ 


fi Now, the economic superiority of this most economic indeterminate — 


design ove over the simple: determinate design (the three- hinged arch), is but 


some 34% page 397). Such a small saving, if all. other things 
Ng equal, would hardly be worth the labor of seeking; but we ane 


- that, ‘aside from the d fficulty ‘of determining the design, 2, other things 


are mot at all oo for, to actually realize the stress distribution 
calculated, so accurately as to really preserve the 84% advantage, 


extremely accu accurate and therefore we empeneioe w ork would be necessary, — a 


and also very ry rigid and therefore abutments. Then, once 
constructed, no set may occur under 1 use, or conditions would not be 


‘gt 


maintained as supposed ; and last, but not least, changes i in tempera- 
- ture are ‘not ‘allowable « since they would greatly change the stresses. _ 


Thus, with E= 8 000 000 Ibs. p per inch and 6 = 10 000 Ib Ibs. 


Fig. Boor Fig. | 9). Witl ith a coefficient: of expansion of 


per degree Fahrenheit, 100° would ‘corres 


0.4 0.065 ft., or: in 2, nearly. 


spanof — 


This result is shown in Fig. 15. And while 100° from 
he the mean (that is 20000 
-Fahr. Tange of tempera- 


may y be excessive, 
even if we take only half 


or 500 Woke. * 
(100° Fahr. Tange), we 


get temperature stresses of half those shown in Fig. 15 nll 


Comparison those i in 13, we see are some 45% of the gr 


that j in 1b, and 6% of j in That. these absent from ‘the 
three- -hinged arch, turn the balance ‘completely in its favor, many 
times offsetting the 31% economy in the two- -hinged arch found by 


neglecting changes, i is self. -evident to any impartial 
Finally, we may ‘note that even the 33% theoretic advantage of the 


two. -hinged ‘arch can be exceeded without the use of indeterminate 
construction | through the use e of what has elsewhere been termed 


“multiple construction. ‘Thus we the threehinged arch design 
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106  CILLEY ON INDETERMINATE 
f Fig. 16, capable of supporting all the loadings except LCR 


stress 6 or less (see Figs. 4, 5, 6 and 7). | For the load LCR we | 2 


introduce a bar z of area give the junction of the bars a,and a, 


“+ "freedom to move vertically with respect to the junction of the real 


and b,, and load the junction 0 of aa, with and the junction of bb, 
with the remainder or # PL The resulting s stresses in this framework, 
which is statically determined, are shown in ‘Fig. 17. see that 
re equal 


_ Fig. 16. The construction permitting of this might | be any § such as 
would ordinarily leave z unstressed, but, as a by | thei insertion mi a wedge, 


al cause it to compressi ion when desi: 
could at the same time 
be: freed from the joint 
of b,b,, say by ‘removing 
another wedge. But 
suffices to note that 


2 construction is is possible; 


with the the mec mechanical 


“tails: ‘we are here 
concerned. 
4 Fia.17. 
‘Fig. 11, is is ‘some Volume 15. 5.6 


Volume 15.81 2. 135. 


Ver; ery other determinate designs nights be found 


has been stated previously, will be some statically 


method of solution more -econom ic than any indeterminate solu solution, 


a oven oa the theoretic conditions most favorable to the latter. » It is 


intended to intimate, however, that these n multiple determinate 
_ solutions are in general desirable substitutes for the simpler but Jess 
economic ‘single determinate "solutions. ‘The multiple solution: 


more or less considerable mechanical difficulties in their 


Wit 


— 
4 
; | 
red, while the jomt of a4, 
1,785P 
ree 
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‘insuperable, in fact, perhaps, | are | less es considerable than the exact | 


struction of an indeterminate framework, they would probably pre- 
vent their use where the saving was not considerable. a case 


‘that they would be eused, 


design because of the neglect « of post as a 
study, is affected little such considerations, and illustrates very well 
certain points in ~— nic design. 4 While, | theoretically, the indeter- oF 


minate framework ma y give a mane economic design for several 
loadings, than does any single determinate framework of included 


_ figure, the amount of such theoretic: advantage is is considerable only 


most extencedinary and there it would probably pay to use, 
a multiple determinate design which would be still more economic. os 


In all cases where the figure of the simple determinate design closely 
to the figure of | the indeterminate design the theoretic 


advantage | possible through using the latter will certainly be insig-— 


nificant. Actually, owing to temperature stresses, etc., that advan-— 


tage will not exist at all. ' Again, as the structure ‘becomes larger, and 
the var ress due t OV ariable loadings affect smaller and 7 
peor pie of the structure to a sensible degree, the possible 
economy of indeterminate construction proportionally diminishes. bel It 7 


may saf safely be assumed that in actual structures (as arches and 


pension | bridges), of even n 5% cannot exist: in 


determinate of included figure, even stresses _ 
neglected. ae It is doubtful * cedinesily could be 


found; and temperature. stresses alone 
several times over in all cases. ' This illustration, then, definitely con- 


7 firms the view that the use of it indeterminate frameworks ‘is certainly 
not ‘advantageous from an economic standpoint, nor apy 
q 
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‘DISCUSSION. 


Golamark, Henry GotpMark, M. Am. Soe. C. E.—In this paper, 
the author applies | the well- known principle o of van Velocities to 


and other not statically 
As the result of his investigation, he arrives at the conc _ sion that — 
such constructions show no advantage, either in economy of material a 
_ or in rigidity, over the simpler determinate forms, while even the best | . 
~ methods for computing their stresses are extremely laborious and of | 


trusses with a multiple web continuous “girders, 
less than three hinges, suspension bridges with ‘continuous stiffening 
girders, etc., should be abandoned entirely in practice. a 
_ As to the method of computation which he has used (that of Vi ir- 
tual Velocities or Least Work), he considers the amount of numeri- 
eal labor inv olved so great as to make to make the the ‘method 
WwW hile the speaker is by no means sn advocate of complex ada 
- forms where there is no good reason for using them, he is fully ie 
fied that there are many cases in practice where these tabooed forms _ 
by far the best results. 
AS a matter of fact, the simplicity of the strain sheet is, in | many i] ‘al 
- eases, by no means a proper criterion as to the excellence of the design. 
; Thus, in railroad bridges of moderate length, the tendency of late years, 
as the result of actual experience, is away from the ‘ideal ” single- 
intersection bridge with alleged frictionless pins. ‘Such spans are 
now almost universally built with riveted connections, and, in many 
- eases, with multiple systems of webbing. Even in larger bridges, the 
floor system is almost invariably riveted between the posts, though 
the transference of loads to the main trusses is thus made less direct. _ 
In all these cases” intricate secondary stresses are introduced, but the 
adv antages obtained are believed to counterbalance this theoretical 
--In the case of the larger arches and suspension bridges the intro- — 
7 duction of hinges at the « center is ene considered to break the 
—- of the floor sy 


stresses more difficult and somewhat less certain, but it is believed that . a 


i with the homogeneous n material now used, and the excellent workman-— 
_ ship of our aetna perfectly safe structures can be bulls without any 


| 

| 
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DISCUSSION on INDETERMINATE _ FRAMEWORKS. 
‘excessive cost. Besides this, there is, in the speaker’ mind, little Mr. 
doubt that even the best designed hinges or yen can hardly becounted — 
‘But besides s such bridge ! forme: as those above caadiinias in which 
the. designer i is at liberty to choose between so-called determinate 2 and 
indeterminate forms, there are many engineering structures which are, © 


of necessity, of a complex nature. Such are the frame works for the - 
I 


_ enclosing ot large shops and auditoriums, in which the roof trusses | 
and the steel posts which h support them are connected by knee-braces or 


connections, and many forms of cranes and derricks; further- 


_ more, metallic gates for canal locks, as well as ship caissons for dry | 
- docks and harbor works. In all these constructions some method lof. 


computing indeterminate stresses is desirable. j= 
: _ In such cases, as well as for computing bridge stresses, the speaker | 


| found the Method of Virtual Displacements (Method of Least 
: Ww ork) of great value, while he has not found it excessively laborious, © 
_ particularly if it is used as a means of devising approximate methods — 
_ of sufficient exactness: in each case rather than for r computing indi- 


- _ A brief reference to the bibliography of this method of computation — 
may beof some interest; 

_ The first application of the principle of Virtual Velocities to the 
“determination of deflections and ‘stresses i in frameworks is commonly — 
to Clerk Maxwell, whose paper ‘embodying ‘method ap- 

- peared i in the Philosophical Magazine for 1864. - The same theorem, in — 
a slightly different form, was, however, used independently, to solve — 
problems of this class, by M. Menébrea, *in 1858 58, and Professor Lamé,} 


‘ The further systematic development of the method is, however, 
_ due mainly to German writers. The earlier articles of Professors Mohr} 
and W inklerg gave an application of the method to a variety of | 
structures, such as continuous girders, t with web 


systems, arches with less than 

exposition of the more recent German saetade, how: ever, is given in ; 
the works of Professor H. Miiller-Breslau, of Berlin. ‘His special — 
_ treatise|| on the subject the speaker has found of great assistance in | 
_ practice, and he v would consider an English translation of much a 
_ Reference should also be made toa monograph{ in French, by the 
late M. Castigliano, a young Italian engineer of great promise, who 


res 


Rendus, 1858, Vol. xlvi, p. 1056. 


~~ 


| “ Die neueren Methoden der Festigkeitslehre.”’ Berlin. 
“Théorie de des stémes Flastiques.” 


Goldmark. 
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INDETERMINATE FRAMEWORKS. 
meen 


r. Goldmark. ay very wikia sis the ‘‘Method of Least W ork,” with 
_ In the English language, the valuable paper by George F. Swain, M. 
Am. Soc. C. E., published in 1883,* is the only extended article on this 


subject known to the speaker, though _brief are e given in 


ferred an obligation, on English- engineers, by his 


Lindenthal. Gustav LixpENTHAL, M. Am. Soc. C. E. (by letter). —This paper is 


ss gontribution to the old controversy as to whether or not statically 
; _ determinate structures are superior to statically indeterminate ones, 
and i is a scholarly attempt on the affirmative side of the question. — 
Cilley, like others before. him, advan an es as principal re: reasons 
in favor of determinate designs, their alleged economy, the greater — 
certainty of their calculation, and the greater accuracy, therefore, in 


the dimensioning of the cross- -sections. 


aA Granting, that the last two arguments have much to commend | 
them, it is nevertheless true, as regards economy, that diminutive dif- 9 
ferences i in weight of metal, as shown by strain sheets of one and an- 
_ other type, will rarely be the sole deciding element in the choice ag 
7 


designs. Other considerations than mere economy of metal influence 


- greatly the cost and merit of a structure. - But in a any case, e, strain 


_ sheets to be comparable should be complete, and include all strains 
which affect the sections. _ This does not seem to the writer to be the 


4 case with | the strain diagrams i in the Before in whet 


— 


On what theoretically equivalent basis (aside from same length of 

- span and moving load), should a comparison of the economy of 7 
minate with indeterminate arch types be made? Should it be on the 

basis of the same figure of inclusion, as the author has done, or on the q 

basis of congruous equilibrium polygons under some assumed load, as 
would undoubtedly be the case for ribbed arches, or for suspension | 
bridges, which are nothing but inverted arches?” 


ome The short span of primitive figure, chosen by the author with only - 
10, respectiv ely 11, members in the frame, serves to illustrate the great 
- labor of a detailed analys sis for each member of the indeterminate arch 
we in all other respects it is misleading. If the diagrams of the tw 
types were each enlarged from 4 to, say, 40 panels, then the determi- 
— nate figure of the author would become the form known as the Eads _ 
_ arch, for which a certain depth at the | quarter i is economic, and the in- 
- determinate figure \ would become a sickle arch, for which another — 
depth at the center is economic. The enlarged diagrams, however, 


_ would no longer have the same figure of inclusion. | Only one chord, 


i Journal, Franklin Institute, February, March and April, 1883. 
+ Cotterill, Applied Mechanics,” P. 551. 
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‘Suppose a comparison were made | bet we: een (determinate) 
continuous (indeterminate) trusses. iously, we would start out 
with the same ratio of height to span (at center of span) for. yr each kind, 
and compare the strain sheets and material required for them on that _ 
ei basis, to come to a correct conclusion of their economy. Similarly,a — 
ison of arches will have to proceed. cannot compare fairly 


lower chord, as Mr. Cilley does. He compares two primitive figures, 
one statically determinate, and the other made indeterminate by in- 
- serting a redundant member. Considered as generic forms, the e figures” 
are dissimilar and not comparable. | His conclusions as totheeconomy, _ 
_ or the want of it, in indeterminate forms, arrived at in this manner, > ; 
are wholly irrelevant | and inapplicable to long spans, the he only ones 
for which arch types are economically used. 
‘This will appear more clearly when we consider that the closed i; 
{- frame of the author, with a depth of one-eighth of the span at the ‘fs 
center would i in practice occur as a sickle truss which is determinate, : 
but hardly as a sickle arch which is indeterminate, and with 
depth of rib, would be wasteful. 
with a depth of rib of more eee one- sixteenth. 
less than one-thirty-second of the span. ane 
7 _ As the temperature strains for the same arch form 
a with the ratio of rib to span, they are, in existing heap very -y much 
smaller than those given by Mr. Cilley on page 405. His maximum is — 
+ 45% of the fall load for + 100° Fahr. - Inthe largest sickle arches 
‘ thus far built, namely, that of the Garabit Viaduct in France and « of 
” the xe Gruenenthal Bridge over the Baltic Canal in Germany, the maxima» 
are a + 18%, when corrected to the same extremes of temperature. 


Pisce of sickle arches and Eads arches, ‘simply because they 
a to coincide a as to one chord, can lead to no rational conclu- ; 


Ths Comparisons of carefully worked out designs of different arch types, 


made by him and others, have convinced the writer that, other things 


strains j in types were correct. But this assumption is not 
correct as shown by the writer long ago.* That time-honored theory, — 
found in all text books, is based on error. Three- -hinged arches are not 


__* Engineering News, 1888, Feet and “ Appendix to Report of Board of Engineer 
Officers as to M Maximum Span for 1894, p. 68, and else-— 


namely the upper one, would coimeide in both, but that 1s not enou h Mr.Lindenthal. ‘ cok 

> 

ratio of rise to span of three-tenths with another arch having the same 
: ratio as to one chord only and another much smaller ratio as to the = | ea 
| 

a 

| = 

— 

we — 
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being equal, the indeterminate types are invariably more economical. 4 

Ly 


DISCUSSION N ON INDETERMIN ATE FRAMEWORKS. ; 
denthal. . only not free from temperature s strains, but for certain conditions | such 
=f * - strains are just as large as in arches of the two- hinged type. The 
_ difference is merely in their distribution. The supposed advantage i in 
= _ respect of the three-hinged over the two-hinged arch is illusory. 
- Professors M Merriman and Jacoby’s ‘‘ Higher Structures” i is the only — 
work, so far, referring to the writer’s theory on this subject. But al-— 
" though mentioned there merely in connection with three-hinged stiffen-— 
ing trusses in suspension beidges, it applies, nevertheless, to all forms o% 
of arches with three hinges, whether of the ribbed, , Spandrel- -braced, 
or of the erect: or suspended form. Each is, necessarily, differently 
affected; but in all cases the strains are due to the changes in the > 
curvature of the equilibrium curve from dead load for different tem- — = 


iif the author will trace the strains, due to the falling and rising of . 
the center hinge from changes of temperature, he will find them by no r 
means of negligible smallness, even for the eit ratio of rise to nm 
The temperature | strains are particularly large i in 1 flat arches, and, 
to repeat it, the insertion on of a center hinge does” not ‘eliminate them. 7 
It only serves to remove the maximum bending moment from the _ 
“4 center to each quarter. So that where the two-hinged arch has one ¥ 
& maximum bending n moment, the three- -hinged has s two of the same ‘in- ¢f 
‘The new Alexander III Bridge i in Paris, for instance, havi ing a rise 
Pa 6 of only one-seventeenth of the span, is thus far the flattest metal arch 
attempted. It is of the three. -hinged type, here properly chosen be- 
cause a small depth of rib was necessitated at center by the 
bi scribed clearance above the river. The writer has not seen a strain : 
i sheet of that bridge, but believes that in accordance with the common > 
mace theory, the arches have been assumed to be free from temperature 
strains. a matter of fact, the bending moments a t the quarters, 


hinged arch, haying the same depth throughout as at the quarters” 
(where the rib is one seventy-second ofthe span), ts” 
the Bridge in Now ft. Span), or the 


> 


— ereh ty pe, had been built with three hinges instead of only two, ‘the > ie 
extra metal required to meet the temperature strains would have been ie 
the same as for two-hinged arches, with this difference, that the addi- — 
— tions to the chord sections would have been largest at the ¢ quarters i 
stead of at the center, and the additions to the web members largest ). 
at the ends of each half arch, instead of at the ends of the whole arch. oN” e 
In Spandrel- braced arches, the center hinge may be of value, as here by 
it really reduces the intensity of temperature strains, but does not — 
¢liminate them,byany means, 
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The law applies also to stiffened suspension bridges. well- mr. Lindenthal. 
“s known Point Bridge at Pittsburg (800-ft. span) has three hinges; the = 

‘bracing is above the chains. The bridge has been believed to be free 

My from temperature strains, which is not the case. The maxima from 


; a temperature are those corresponding to the maxima at the center of a — 
ES suspended two-hinged arch, having a rise of one- vighth. of the span, rz. 
and a depth of rib of one thirty-second of the span. But in this case 
7. the maxima in the chords, which i in the two-hinged | arch occur only — 7 
at the middle of the s span, reach, with little variation, from hinge 
hinge, while the web is only slightly affected. On the whole, this type, —_ 
and the so-called Fidler type, are the worst forms for temperature — 
strains, and yet both are determinate forms. _ The suspended end spans" 7 
of the Tower Bridge in London, which are of the Fidler type, are cer- — 
tainly exposed to bending strains from temperature changes, although 
the designers believed them to be eliminated by the insertion of middle 
‘That the neglect to provide for temperature s strains in three-hinged 
arches has not yet endangered ‘such bridges | prov es anew how useful | 
the so-called factor of safety is, and how true its designationasafactor __ 
oA second correction in the strain sheets, for proper comparison 
i of the two types treated by Mr. Cilley, is s required for the large bend- ... 


oad by him. In none of the existing ‘arch bridges hee a turning . 
motion at the hinge ever been observ ed. The friction is too great. q 
‘But the | motion is not even desirable. ia There could be no motion with- 
out wear, which after a while might affect the strains more than the 
immobility ofthe hinges 
The bending moments from that cause cannot be regarded as mere. 
“secondary strains of local effect, , because they ‘make themselves felt 
throughout the entire arch frame, and in flat arches or shallow ribs 
require considerable additions to the sections. a It is true that the 
—_ can be much reduced by using for the hinges small and “trad 


 two- arches, while they are absent entirely in arches, 
in in which the temperature s strains are largest 


Three-hinged arches: Present theory, statically determinate system, 
no temperature strains.— —Corrected theory, | statically determinate 
system, temperature s strains plus bending strains from three hinges. . 


plus temperature strains, ‘theory, singly indeterminate 
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4 5 ing area. But in any event there are, under equivalent conditions, : 


| Mri Lindenthal. system plus temperature strains, plus bending strains from two 

_ Hingeless arches: Present ; theory, two-fold indeterminate system, 

plus temperature strains; requires, of ¢ course, no ‘correction, inasmuch 


ma 


comparable as to economy of metal. 


over those obtained on present theory. = These additions cannot be 5 
4 ignored. When made, the two- -hinged arch w vill in every case show | ‘7 


great ec economy over the three-hinged a arch, rhe alte 
The secondary | stresses, which occur at the panel points from the 
‘elastic deformation of the frame, affect in practice only the details and — 
_ strength of connections. — They are not different from those in trusses, a 
cantilevers, and other frames. ‘They may be ignored in a comparison 
The objection to indeterminate structures” cannot very well 
- based on the ground that the strains cannot be determined with the 
exac’ ness as in statically determinate structures, such is 
necessary, either for safety or economy. 
The dangerous strains, their limits, and the 


_ which they occur, can always be ascertained with sufficient accuracy 


alien the endless drudgery which, as Mr. Cilley shows, a detailed 
—_— for each member of a large structure would involve. There 
is a limit to the refinement of the engineer 's calculations, b beyond © 
which nothing of practical value can be gained. 
With the utmost accuracy of computation, in statically determined 
- or undetermived structures, we will never be able to dispense with a 
Be sccasg to ten-fold safety, | as the case may be, to cover defects of manu- 


Not failur ures of bridges, _ caused by their indeterminatences, have yet 
occurred. Some, over 40 years old, are still carrying safely railroad 
loads, which, in the meantime, have largely increased. The greater 
- diffusion of the shearing strains, particularly characteristic of indeter- _ 

i  minate structures with multiple systems of web members, has pro- 
 Jenged their life. Repairs in a few cases are known to have been 
necessitated by poor details. Many statically determinate structures, 
- built at the same time, and proportioned for the same unit stresses, 
have shown less resistance to wear. Some American ‘railroads | have: 


already the thi the third rd generation of metal 


x 


A 
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equilibrium curve for similar loads in all three types, are alone 
The three-hinged and two- 
— 
— 
@ 
1 
— 
— 
— 
_ 
terminate, as well as undetermined, stresses which are always present. 
minimum and maximum limits of stresses 4 
j i we need have no anxiety for } 
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2 The increase of section, as required by ellen . specifications in vogue, 
he members, subject to such strains, is a waste of money and material. _ 
_ The good results with the very economical, durable and rigid, continu- - 
girders, proportioned and built t before the present rules of f dimen- 
- sioning were known, ought to have weight with thinking en; engineers. ca 
- ‘That the writer is not alone in his condemnation of the modern 
rules for alternate stresses in bridge construction, is gratifyingly © 
evident from the report of the discussion mm at the International Railway _ 
Congress held in London in 1895.* 
But,” quoteth the theoretician, consider the dangerous strains 
: in continuous girders, if a pier should settle, or when iron towers 
expand in height!” The answer is, that piers should be built so 
they will not ‘settle n more than cortein allowable a amount, 
oe that the variations in the levels on iron towers can be allowed for 
readily in the dimensioning of the girders. This is a part of engi- — 
neering science, and surely what the Chaldean and Roman bridge | 
builders in the way of foundations, the modern 


It is the engineer's busi- 


stitute for the rigid, and economical continuous girder, prop- 


deserves attention. The author § seems 8 to ascribe 


bridges t to mean absence of ol then deflections are a deceptive 


_ ‘The public | considers which vibrates, as an inferior ‘stract-— 


have great deflections and little vibration, and vice versa, of which 


The old single- track railroad sus uspension bridge 


ah. 


— 
|  —__It is not irrelevant to the subject under discussion to refer here to Mr.Lindenthal. a 
he wide-spread bias against the very useful continuous girder, whichis 
a ged not to be economical. This is true only when the chord mem- | ? — 
a s, subject to alternate stresses far within the elastic limit, are = <0 
ay juired to be largely increased in accordance with the discredited A a, 
inhardt formulas, or with other similar rules, unjustified by sound i 
| "reasoning. We have no proof whatever of the strength of iron or ' 
ig 
A 
= 
| 
4 
tions cannot be had, neither continuous girders nor other forms of 
indeterminate structures should be chosen. 
ness to investigate and to discriminate. 
| 
| 
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Mr. Lindenthal. minate) deflected ordinarily 10 ii ins., a a on 
the roadway below would hardly notice it and would feel very little “ 
vibration. | It was a more rigid structure than the double- track canti- 
lever railroad bridge (determinate) located “near by, which | deflects: 
ordinarily only 3 ins., but a a pedestrian on it feels disagreeable _ 4 
_ sensations, and can hardly keep his feet when a train passes over pate 
The arch bridge (indeterminate) vibrates very 
under every train and team, while the e Merchant's Bri Bridge 
located near by i is a fairly. rigid truss structure. 
_ The unsightly Market Street cantilever bridge (determinate) in 
Philadelphia i is unpleasantly known for its spring-board motion, while 
old cast-iron are bridge (indeterminate), located below, at Chest- 
nut Street, is rigid. One ‘of the a abutments of the latter bridge has 
a yielded about 3 ins., but none of the calamities predicted in such © 
_ eases for indeterminate arches have occurred. The behavior of three 
- famous steel-arch bridges is also instructive, viz.: The Washington — 
arch-bridge (indeterminate), in New York, has ribs with solid webs; — 
_ its deflections from ordinary loads are nil, but its vibrations, even 
under a single-horse truck, are so noticeable that they have been the © 
of (of course unfounded) anxious communications to news- 
papers. If it had three hinges instead of two, the vibrations would 
‘be worse. . The ‘Niagara Falls ribbed ar arch bridge (indeterminate), com- 
4 pleted two. years ago, is similarly com complained of, while the spandrel- a 
_ braced railroad-arch bridge (indeterminate) below is one of the mos 
a rigid metal bridges inexistence, 
‘Specially interesting, in that respect, are also four different types of 
The railroad bridge w ith continuous lattice: girders (indeterminate) _ 
4 is rigid under fast trains; the famous Buda Pest suspension bridge, 
with no stiffening to speak of (and therefore determinate), shows only — 
_ little less vibration than the heavy Margarethen spandrel-braced, arch | 
bridge - or the new cantilever ‘bridge (determinate) 
Owing to the prejudice against indeterminate structures, most of 
the very high, iron-trestle viaducts in this country are subject to o 
vibration, trains must greatly reduce over them. 


by the usual bridge sufficient rigidity cannot 


_be obtained. _ The high viaducts, with continuous acy (indeter- 
4 


hand, fairly rigid ander fast t trains. 


a Compare the Forth Bridge Snltorniaste) proportioned for a live 
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sion Bridge (indeterminate), proportioned for only 2000 Ibs. 
‘having no lateral bracing to speak of, and a very - defective stiffening — 
system. The latter bridge is subject ig ‘much greater deflection than 
_ the F orth Bridge, but both bridges are equally free from noticeable 
-vibeation under the loads and at the speeds for which they are 


The remarkable rigidity of ev en scantily stiffened suspension bridges 4 
sah the reasons therefor have been discussed by the writer on former — 
occasions. It is his opinion, that for long spans properly stiffened — 
bridges are the most rigid of any metal type. 
Thus the study of existing bridges, of both tl the determinate and i in- 
"determinate kind, affords better instruction in rigidity than the mere 
comparison of deflections. Naturally, these ought to be always as_ 
Piao Th e > writer does not t advocate indeter minate struc ctures, but neither 
gainst them. A decision as to their true economy _ 
and: mer its can net reached only from case to case. It seems to him that 
the sweeping conclusions of Mr. Cilley and of others against them are 
founded inv and are at variance | known 
facts. 
C. W. (by letter). —In his detailed comparison of static- Mr. Ritter 
ally determinate and indeterminate frameworks, the author endeavors 
to demonstrate the decided ‘superiority of the determinate forms. — He : 
claims that the determinate structures are, theoretically, more 
economical than the indeterminate ones. He shows that in inde-— 
terminate structures, a slight inaccuracy in ‘te length of a member > 
or a slight change of. temperature, effect a considerable and 
even serious change in the stresses. He emphasizes the fact that — 
"discrepancies in the levels of the supports of continuous girders, — 
or a slight yield of piers or- abutments of two-hinged and hinge- 
less arches, have considerable effect on the interior vient = 
also points out the laboriousness of the exact ‘design of of indeterminate — 
structures, 
It will scarcely be necessary to concede that all these argumentsare 
- Qwabtlens very reasonable, and the writer thinks it wise to emphasize __ 


and then the: of determinate: structu: ures and to 
the 
In German literature, heen questions have often been discussed and — 7 
- analyzed. A thorough investigation of the matter has not been without 
“conclusive results. ‘use of the multiple intersection system has 
er, ‘commonly been dropped; arches which, formerly, were all designed | 
ad _ without hinges are now very often provided with two or three of them. | 
W ithin the last ten years, even several stone arches have been built 


_ * Professor of Civil Engineering, Federal Swiss Poly technic, Zurich. — 
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- The cantilever system aad been f 
lever 


= Ww ithout disputing the of the determinate a 
thorough and careful examination of the question leads to the result — 


_ that, considered from the practical standpoint, the indeterminate “a 


_ frameworks be declared at least for 
mentioned 

- disadv entages: of the indeterminate structures are, in many Cases, of 
little weight, and that some others adhere also to the determinate 

forms. If the foundations are should we 


: am increasing height for the same span, and, in case such arches 
have other advantages benkden, we should not hesitate to prefer 
7 them to the three-hinged arch. ‘Unequal warming of the members 
of an indeterminate _ framework exerts” a disadvantageous 


sided warming of the members of a structure. fact, 

we will never succeed in avoiding entirely the influence of varying 
Tn regard to economy, the author asserts that the determinate 

_ structures need less material than the indeterminate ones. For this 
assertion he gives a plain and convincing mathematical proof. But 
let us be careful in applying this result to our practical construc- : 

For instance, it can be shown that the aii designated | a, 


- Fig. 18, which is determinate, requires more material than the frame- _ 


_ work designated b, which is indeterminate. Assuming each panel load — 
_ to be equal to 4, and that, by introducing initial stresses, the diagonals a 


in each panel in form + are equally s' strained, the stresses indicated by _ 
- the figures will result. a Multiplying these stresses oy the lengths « s of 3 


respective members, we have: 
_ Form a— —Upper chord = 2 (10 + 16 + 18) — = 
Posts = 1046 +446410 
-Diagonals 2 14 + 8.49 4 2.83) 
Form b— Chords 2 (10-4 13 +17 418-417) 
742424247 
2 [1414 + (24.2 24) +(x 1.41) 


Mr. Ritter. with three hit requently substi- 

Although a noticeable change has taken place in the manner of con- 
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"Nevertheless, the | assertion of the author is inasmuch as Mr. 
i there exists a third form ce, included in b, which eGaees still le 


material, for we have: 


Form c—Upper chord = (10 - + 112 + 


Lower chord = 2 (14 + 18) 
4 Posts =64+6 
Diagonals: 2 (14.14 4.5.66 + 2.8342. 88) 4/7 = 72 
At the same time, we seongaane | that the inner posts” have disap- ‘ 


penned. these as a rule, are ‘Recessary for floor- 


beams, the form cis in cases: useless, which proves 
that the advantage of the determinate frameworks, as far as the 
__ theoretically required amount of material is concerned, may, by acces- — 
circumstances, easily be reversed into a disadvantage. 
_ The author himself shows that for varying loads the above-men- a - 
tioned rule loses its validity. There are still other facts which often 
prove the indeterminate structures to be more economical. 
First, “using intersecting diagonals, we obtain the dvantage 
that in these members the stresses are halved, and, in consequence, 
a or struts can be attached directly to the chords; while, i in the ad 
trary case, we are ome to use costly connection plates. Again, dal 
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uniformity than those of a a » determinate one, a fact which yh ll 

_ leads to some economy. Finally, for cantilevers and three-hinged 
arches, the cost of the structure is increased by that for the hinges, 
and it is not unusual that this additional cost exceeds | all e economy 


- _ After all, it will be difficult or even impossible to predict which of 
the two systems will prove cheaper in the end, without computing 


a 4 and designing, in each special case, both of thon. _ The greater labor 


_ be a reason for abandoning them. ‘The methods for their computation 
_ have been | perfec ted to such a degree that the time required for it 
alone is hardly of any ‘moment in comparison with that saquiced for 
& One of the chief objections, emphasized by t the author, to statically 7 
_ indeterminate structures is the discrepancies in the of 


‘built. 
‘Iti is of less importance in connections are used 
more generally. If the length of any member of an indeterminate, 

7 a -connected framework is inaccurate, the defect, as a rule, cannot 
_ be corrected easily, while i in connections such are 


w “ithin certain limits, do not match. European 
~ not unlike American ones, strictly provide that if, in connecting parts: 
io or members, the rivet holes fit badly, the holes have to be enlarged and 
- larger rivets have to be used. Stretching the bars, in order to match 


"the rivet holes, is strictly forbidden. If in spite of these precautions 
8 slight it is, as mentioned above, 


a rigidly riv vet- connected than for | pin- structures. 

_ - Regarding stiffness, the author gives us an interesting comparison 
between the deflection of a two-hinged and a three-hinged arch. ‘He 

- finds that the difference is very insignificant. It seems to the writer that 

this result, for the example in question, has to be attributed to the 

fact that the theoretical height of the two-hinged arch is actually less’ 

than that of the three-hinged one. In general, structures with hinges" 

_ (arches or cantilevers) are less: stiff f than those without ; hinges. For 

instance, the fixed span of a exactly 


= 


‘a 


= |. Mr. Ritter. of the latter. Further, it is a common experience, that the stresses in “ 4 

q BeCured THFOUgH stavical de nation. itinay beremarked 
also that the connections of the lateral system, on account of its con- a 
a 

a 

| 

7 

holes perfectly. It seems to the writer that for this reason the induce- a q 
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_single-span girder, while the deflection of a continuous girder of the Mr. Ritter. 
same span is from 30 to 50% less. Let it be ageeree cont 3 in rail- 


attachment of floor-beams , stringers, and lateral, van and s sway- 
bracing, a proof of their sound constructing sense, although all these 
construction details clearly involve statical indetermination? The 
author, it is true, refers principally to vertically loaded frameworks, 
but what is sound for floor beams, stringers and bracing, is not likely 


build an indeterminate whee: a determinate one is just as 
antageous, and the author’ 8 endeavor to substitute for 


‘Their economy and their | as well as 7 
their adaptability to various circumstances, are such important advan- 
: tages, that it would not be wise to throw them overboard on mere ~ 
inciple. On the contrary, it should be regarded as the task of engi- 
‘neering science to study y the. qualities, the peculiarities and especially 
the deficiencies of indeterminate structures, to search for necessary - 
remedies, and to simplify further methods of 


Prof. W. Drerz* (by lettert).—The writer was a pupil of Head-Master 
® Gerber, who, by the introduction of continuous girders, such as 
. _ cantilevers and those simply supported at the piers, has gained 
great distinction in the art of bridge building, and who, as is 
perhaps not generally known, by the construction of the street bridges _ 
; _ over the Main, near Hassfurt,t furnished the prototype for the truss  & 
is system of the Firth of Forth Bridge. _ The writer, therefore, has had 
the opportunity of becoming intimately acquainted, both theoretically 
and constructively, with the greatest variety of statically determined — 
‘truss systems. It follows, therefore, that he has retained a certain 
seaman for such systems, with their strains so clearly and quickly — 


ed 
Zeitschrift far Architektur und 1898, Fig. 


4 
> 

ys reference to the stiffness of bridges, we should not only consie 

the elastic deflections under varying loads, but also the vibrations of __ —: ee 
G the structure in a vertical and lateral sense. It can scarcely be con- ae a is ae 

tended that, in this respect, statically indeterminate structures are 

safer, although, as the author says, a strict proof for this assertion a 7 ; a 

7 can scarcely be given. Now, is not the extensive adherence of Ameri- a { a 

é 

- 

writer's opinion that indeterminate structures are in many cases pre- __ 
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> 
ie Dietz. obtained. Yet his vocation makes it necessary for him also to ia 


systems ‘of the different kinds, and his | experience gained 4 
_ thereby, together with the indisputable adv antages of undetermined 
systems under certain conditions, compel him not to withhold due | 
acknowledgment thereof, and to’ protest against unfounded attacks 
upon the existence of these trusses. 
The writer, with a large amount of at his ‘dispcsal, must 
characterize the author’s closing sentence ‘‘ that the use of indetermin- 
ate framework i is certainly not adv antageous from an economic — 
Standpoint, 1 nor apparently f from any other standpoint,” not in 4 
accordance with facts, and hardly capable of demonstration. (a) “3 
_ The matter is not as simple as the author represents it to be. As 3 
is well known, it is not only the length of span between supports that 7 . 
_ influences the volume of i iron in horny trusses, but also the greater or : 


= 


“a oven of soinsendibnn of the compression members; the kind of 
joints, and the manner in which they are made, as also the riveting of ; 
Sauues parts; and, finally, t to a very great extent, the method used 
in dimensioning. As regards the latter, the e method by | Gerber, : as 
specified in Bavaria, which takes into account the impact of variable 
loading, gives considerably different cross-sections in individual 
"members from those determined by the widely used Launhardt- a 
~ rauch formula, which does not consider the effect of impact. me 
In order, therefore, to make a comparison, in 


‘the condition that all the trusses are dimensioned by the same | method. 
of these factors are taken account of by introducing the 
g0- -called construction cosficiont with which the theoretical volume 
of the different members must be multiplied in order to obtain the — 
practical volume. ‘The determination of these coefficients is, how- 
ever, a work of considerable scope, and leads to results of practical 
_ value only when based upon alarge number of data, which the bridge 
- companies, for reasons which are obvious, do not give out generally. = 
Further, it should not be overlooked that the superstructure of a — 


= forms only a part thereof, and that not only the metal con- 


struction, bus : also the abutments and piers, the method of erection 
and the maintenance of the structure, should be taken into considera- 
tion, so that in special cases it is quite possible that a considerable | 


increase in the cost of the iron structure may result in a saving on the © 
_ final cost of the whole bridge. The ultimate ‘object of all our 
a technical information and knowledge i is to arrive at the lowest possible 4 Y 


total cost, providing at the same time for an even atts of all a” 
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There is ample proof to show how ine: ten the siitalad made in Mr. Dietz.’ 
Germany, even in extraordinary cases, to use statically determined 
, for instance, in the Neckar Bridge, i in Mannheim* and 
the pions Bridge i in Budapest.+ If, however, in a large number of 
: structures}, built of late, indeterminate frameworks have been used bel on 
eee truss systems, the reason for this should not be sought i in a 
one-sided pre ference for difficult theoretical problems, but in the fact 
that after a careful consideration of all circumstances in each case, 
these systems were found to be the most advantageous. = ~~ 
As a particularly instructive example « of this class, the Miingsten 
-ViaductZ can be mentioned. In this case the most thorough a 
parative studies regarding the effects of brakes, and the matter o 
erection, led finally to the selection of a combination of ‘ovat 
bridge with a statically indeterminate arch with fixed ends. 
Kt should be noted, in this connection, that 
‘experiments | were made upon this bridge, and that they showed a > 
_ very satisfactory agreement be tween hath theoretical and the actual 


® 


- All sections are in square decimeters. 


71 9q.d.m. 


Anvonigation of the so-called secondary strains|| which are found in © 
every truss of whatever system, arising either from the inflexible, 
riveted joints, or from the frictional resistance of the pins, , which, 
owen in the best constructed, pin-connected bridges must be. over- — 
come before an actual turning of the individual members about the — 
pin can take place. From this point of view the two- hinged arch, for — 
instance, is, when properly designed, considerably superior to » the 
- ordinary truss bridge resting on two supports; and this is an addi- 
tional factor which in connection with a pleasing outer appearance, 


_ -* Zeitschrift des Vereins Deutscher Ingenieure, 1891, Pe 89, Fig. 12, and Zeitschrift 
Architektur und Ingenieurwesen, 1898, Plate xiv, Fig. < 


+ Zeitschrift des Vereins Deutscher Ingenieure, 1894. International Competition, 


Zeitschrift far Architekture und Ingenieurwesen, 1898, p. 561. 


§ Zeitschrift des Vereins Deutscher Ingenieure. ‘* The Miingsten Viaduct.” p. 1321. fal 
| Engesser: : “Supplementary Forces and Secondary § Strains i in Iron Truss-Bridges,’ Pe, 


and 1898, 
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“influence in determining the shales of a truss system. 
Ib the preceding, the writer has outlined the different elements 


should be considered in judging g the merits of different truss 


systems; he would now, in conclusion, prove by figures how = 9 
permissible it is to draw general conclusions as to the economical _ 
; _ Superiority of the three-hinged over the two-hinged arch, even in purely | 


theoretical respects, the author’s comparisons between quite 


The diagram, Fig. 19, illustrates the very carefully made ian 5 
sons between a three-hinged and a two-hinged arch with elastic tie rod aaa 
for the Hacker Bridge in Munich.* In the right half the theoretically 
determined cross-sections for a three- hinged arch are given, and in 
the left half those for a two-hinged arch, in square decimeters. Pure a 

_ tensile strains are indicated by +; pure compressive strains by a 
members subject to both kinds of strain by [. 
srable to the three- 


The result of this comparison is ve very unfav« 
hinged arch, even when only the theoretically determined volumes are _ : 
_ considered, inasmuch as it requires 11.39 more material than the q ; 
two-hinged arch, and this difference becomes still greater when the 
additional material required for the center hinge is taken into account. = 

_Astill greater disadvantage for the three-hinged arch appears when — 

its is considered, as it amounts to 30.59 more than that of 


é material. Itc can be determined is in each case by w weighing c 
the influences of all the melon, and requires, not only thorough theo- 
retical know | but also, a amount of of material — 


Mr. Sohn. Prof. Josern Sonn (by letter).— —The exact design of statically in- 

_ determinate frameworks, as explained it in the paper, is based lessentially 

on the idea that the stresses of the superfluous” bars under a certain 

loading are not computed but assumed. 7 In the case of a single given 

4 loading (constant loading), the author assumes arbitrarily the stresses 

in the superfiuous bars, deduces thence and from the loading the 

4 stresses in the remaining (necessary) 1 bars and designs on this basis the 

a cross-sections of the various members. . The equations of elasticity deter- 

mine then the differences between the figure length and the actual un- 


Zeitschrift des Vereins Deutscher 1898. ‘Construction of the Hacker 
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7 : _ The writer maintains that the question, whether under all circ 
— stances the statically determinate framework is superior to the a 
— terminate, cannot at all be answered on the 
a 
— 
— 
— 
— 

‘ 

— 


in practice it only remains to give to bars the ec cor- 
responding length. The more nearly this condition is attained the 
more nearly the actual stresses approach the designed. 
Ifa statically indeterminate framework is subject to the several 
different loadings (variable loading), the author assumes the stresses 
in the superfluous bars under one of the given loadings or, more gen- 
erally, he sets an equal number of further conditions; in the equations © 
a of elasticity, each relating to the difference between the stresses in the 
=) bars under two of the given loadings, and therefore not containing the — 
differences between the figure and actual unstraimed length of the - 
bars, the suthor expresses the section areas of every bar 
; the 
‘equations of then, the stresses in tay 
_ fluous bars under each of the given loadings; thence result the stresses — 
in the necessary bars, and it remains compute the 


case of a constant offers, in designing, no dificulty; 
_ with variable loading, on the contrary, the design, even under the > 

conditions, is exceedingly complicated and laborious. ‘The 
mself accents it expressly rand adds force ce ‘principally upon 
“the proof that statically indeterminate systems are in all —— 

" ‘ee stiffness, safety) inferior to the determinate constructions, 

- and that only these last systems may be recommended in practice. “a 
Although are it will not do to exclude 


minate sy generally are to be for the 


reason that slight imperfections of the actual construction, unavoid- — 


i in Practice, don not influence the stresses in n the bars. 


tonite, very dive ergences the 
computed and actual intensities of stress are possible and probable. : 
Asimple example, given by the author, shows evidently how much an 
intensity of stress can be altered by t the incorrect length « of a bar. ae by 


June, * Esq. (by lettert). —The writer has Mr. Cilley’s paper Mr. 
on indeterminate frameworks with much interest and takes pleasure 
in finding that he entirely agrees with him. 
ee: For a long time the writer has maintained that s statically determinate | 
- frameworks are preferable to indeterminate ones. His reasons for this 
_ opinion being about the same as those which the author has so well set 
forth, he considers it useless to repeat them here. 
On the other hand, he has for many years, in his course on ae 


= x * Associate Manager of the Annali di ee Milan, Italy. een ae? 
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DISCUSSION on INDETERMINATE FRAMEWORKS. 
Mr. oad statics at the Superior r Technical Institute of ‘Milan, called the a attention | 
of students to the p paper of Maurice | Levy (mentioned also by Mr. 
Cilley), and has invited them to study the argument treated therein. | 
With considerations of a general character, analogous to those given 
on pages 570 and 571 of the paper, the writer emphasizes the simplicity — 

of the calculation and of the hypotheses required by statically deter- 

minate frameworks as compared with the complicated calculations and 
the necessity of further hypotheses, required by indeterminate frame- | 
works, and concludes with pointing out the superiority of the former | 
structures over the latter, at least from the theoretical and purely 

mation! (and economical) point of view. 
As for the dy ynamical phenomena, the writer — not know of any; 
but the author’s observations on page 361 seem to be just. _ The writer 
does not know, either, what the good reasons are which could make 
one prefer indeterminate rather than statically determinate frameworks, 
latter have in their” favor, besides, the 1 practice and the large 


—The writer | believes that Mr. 
a misapprehension. te The use 
of of based on the principle of virtual ‘“‘Veloci- 
ties” or ‘‘ Displacements” or ‘‘ Work,” as it is variously 
_ which result from the principle of least work, which is simply an | 
integral form o of the preceding, i is the simplest as well as the sa 
- correct means of determining changes i in stress and strain in indeter- 
> minate structures. Where such structures exist, and, therefore, must 
be examined, the writer most strongly approves the use of these ‘ 
methods. And in designing, if engineers will use indeterminate forms, e = 


= 


these methods are still to be preferred. Py But in this. case the present — ag 

_ tentative method of application must be used, as the direct and exact i 

- method outlined by the writer is too difficult to be practicable. — 

~4 The writer’s point i is that while the methods just referred to are the 

4 best known, still, being indirect and tentative, and embodying no >. 

7 principle that guides to good rather than bad proportions, | even their 
use in designing is necessarily unsatisfactory, and, consequently, 
designs depending on their use will be correspondingly defective. 5 
The writer’s objections are directed rather to the unnecessary use of 

of construction involving these uncertain, wearisome 
unsatisfactory calculations than to the methods of caleu- 


Regarding the alleged tendency to multiple systems of webbing, 
the writer would refer Mr. Goldmark to Professor ‘statement 


“intersection ay has ” as a of 4 


Mr. Goldmark’ 8 references to the bibliography of the ‘subject are 
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‘Virtual Velocities” (displacements or work), so clearly set forth in 
Professor Swain’s article, ‘‘On the Application of the Principle of Vir- — 
tual Velocities to the Determination of the Deflection and Stresses in 
a Frames,” elsewhere referred to, to the use of the integral principle of — 
‘Least Work,” of which an an excellent exposition by Professor William — oc 
é Cain will be found i in the Transactions* of this Society. _ The former 7 
_ principle, while leading to precisely the same equations : as the latter, — 
* much more objective, and, in the writer’s opinion, is less likely — 
to introduce errors. te 42° 
- Mr. Lindenthal’s objections raise many most interesting points — 
which the writer only fears his present very limited time will 
permit him to discuss with the thoroughness which is desirable. He 
trusts that a further opportunity will permit of his correcting present _ - 
shortcomings, ‘and that brev ity will be pardoned i in this instance. —- 
_ One of Mr. Lindenthal’s first is to the of a a 


oe The writer personally prefers the use of the principle of “Mr. Cill 


included a procedure which he as unfair. Inthis 
_ the writer will agree w ith him, except that the unfairness i is not to the > aoa) 
indeterminate, but to the determinate form. For | the indeterminate 
_ form is any given form, and, certainly, it would be fair in theory and | 
a always permissible in n practice to use in its place another framework 7 
of included figure. a It rises no higher, it descends lower, 
extends in nowise beyond the bounds of the given . framework, and 
we offers at least as great clearances in all directions. _ What just objec-— 
tion, then, can be made to its substitution for the given framework? _ 
_ And if it is true that this leads to a greater ‘‘ effective ” height or depth ; 
_ in the substituted framework, that is only one o of the legitimate advan- 
: tages of the substitution. It is in . part because of such advantages that 
oe the determinate forms are gainers over the indeterminate. But the — 
comparison, even so, is unfair to the determinate framework, for =e 


the es of the i indeterminate framew ork 1 may be those which © 


‘This latter would certainly fairer 
q ‘a but even that would’ not be wholly fair. Usually, bounds ~<a 
“many places exceeding those of the given indeterminate framework 
would be equally it fair to the 


these bounds. It must be remembered that the indeterminate frame- 
work is wt to be given and the question raised is: Can a determin- . 
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minate framework, without any alteration in proportions, may not, 
very likely will not, be the best determinate framework whose _ 


answer, the superiority of determinate over indetemniante construction — 
would thereby be demonstrated conclusive ely. 
-‘But it is not possible to thus broaden the limits in a general dis- 
cussion. We must remain within limits which are beyond question, — 4 pa 
— and those surely are the boundaries of the given indeterminate frome- 


work. The writer has even narrowed these limite still further, and» 
required the bars of the determinate framework occupy ‘no other 


_ positions than those of corresponding bars in the given indeterminate © ie 
framework. Asa result, while the demonstration that there exists a 
| Superior « determinate framewo ork under these conditions i is abeolutely 


the po possibility. ofar a rev through fairer 
_ Mr. Lindenthal’s next point is an objection directed to the very | 
considerable proportion of depth to span in the arch of the second 
illustration. It is one- eighth, whereas in practice one-si sixteenth is 
ab about the maximum and one thirty- -second more frequent. . Now, this 
arch was proportioned as a two-hinged and not as a three-hinged 
arch. The small number of its members (required to reduce the 
_ work of an ‘‘exact design ”) alone is responsible for this considerable — a 
depth. three-hinged design obtained by dropping out the middle 
_ bar of the two- hinged design is far from being g of a superior ‘character. 3 
_ For the limited number of members used, the three-hinged design is a] 
by no means favored in its proportions. If it gains decidedly in 
effective arch rise at the center through this great depth of the two- 
hinged arch, it may be contended, on the other hand, that the great a 


depth of the two- hinged arch at the middle should secure it great 

rigidity. We should expect that where the characteristic difference 

of two types was most marked, there we would find the most marked © 

_ expression of the superiority of one or or the other. vs And surely it is 7 

- the absence of all stiffness at the center of the three- hinged arch, , and 

7 ‘the considerable stiffness at the center of the two-hinged arch, which 

_ are the most characteristic contrasting features of thetwo. If, where 

_ these are most marked, we find economic and other differences small, 

_ how much 1 less will they become as these differences in character — 

‘become less marked. Ita must be remembered that the writer is con: 

- tending that decided advantages in economy, stiffness and safety are 4 

- not obtainable through the use of indeterminate frameworks, and, _ 
“4 therefore, that other considerations favoring determinate construction — 

decidedly outweigh any § in these directions 


 a@ very important point to seas shown, as in the illustration to the 


7 paper, that even in an extreme case, where large divergence was to 
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be expected, actually, it was small. Therein, in part, is the justi- Mr. Cilley. an 


o.4 fic ation for the statement that in actual and usual cases the differences mS 

We now come to another point, and this is a avery important o one, 
in the comparison of determinate and indeterminate forms—the ques- 
tion of flexibility. Ifa structure be very flexible, that is, permit of 
--relativ: ely very considerable | changes of form, if it it is an i indeter nate. te 

structure, it is evident that the importance of adverse factors, such as 
temperature changes, yielding supports and inaccurate construction, _ 
will be greatly lessened. That is to say, in slender structures the - 
defe cts of indetermination tend to become negligible. | Now, | anarch © 
with a rib depth less than one thirty- -second of the span certainly risa 

y, slender and relatively flexible structure, and, if arches are usually of 

- such proportions as Mr. Lindenthal states, then they are usually in 

the category of structures in which the evil consequences of indete 

mination are ‘minimized. Ordinary, ‘stiffened | ‘suspension bridges are . 


: 
Now, these flexible really form a class by themselves. Their 


stru atures dees not closely to them. The term: terms ‘static- 

ally determinate ” and «indeterminate ” cease to have their « old 
meanings, and consideration of elastic displacements becomes neces- 
sary i in all cases. It is true that such consideration is not ordinarily © ach 
7 given, but that is chiefly because of our ignorance and its difficult re 


“not because it is not needed. 


re The w riter’s study can make no pretense of including such 


structures. Based on the application of the principle of virtual dis- 
Ep it certainly does not apply when t the actual displacements — 
result in very sensible directional changes. — And it will be ) welll, at 
this: point, to eliminate from this discussion the discussion of the 
_ compar: ative merits of determination and indetermination in such 
= tures. It is an interesting subject, but occupies a field by itself. : 
Here, we are only concerned with the location of its border line. 
riter v ventures the temporary "suggestion that structures 
changes i in form under load result in a change of more than 10% from 
stresses which would result if the changes in form were 
- be considered as of the class of flexible structures here excluded. __ 
then to the « consideration of 1 non- “flexible struct- 


in indeterminate structures is well founded, and his 

_ tion with the deep arch a proper example. The suspicion is probably — 
justified that, in indeterminate arches in which the Semana: 
stresses have been found to be v ery small, the distortions are actually 
very co siderable, and the calculated stresses under load, obtained in 


the usual ways, far from expressing the actual stresses, 
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Comparisons of worked out designs of different arch 
2 m2 pes, made by him and others, have convinced him that, other things 
_ being equal, the indeterminate types are invariably more economical. aa 
Pe ithout questioning his sincerity in this statement, it may fairly — 
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be passed on the fairness of the comparisons. e The writer ‘sexperience 
in these matters is, that really fair comparisons are practically un- 
4 known, not because of prejudice on the part of those making the com- — 
_ parisons, but because of the unconscious introduction of unreasonable ~ 
limitations. Thus, if a three-hinged arch is to be designed for com- 
parison with a two- “hinged arch, the middie hinge is usually placed 
_midw ay bet we een the top and bottom chords, or at the bottom chord, 
; _ in spite of the obvious fact that the horizonal thr ust is diminished by 
1 = .. putting the hinge as high as possible; that is to say, in the top chord. 
A Or, if it is a comparison of the three-hinged arch with a hingeless 
4 arch, two of the hinges are always placed at the ‘abutments, in spite of i 
_ the fact that it may be decidedly more advantageous to put them 
- farther out, and that it is legitimate to do this and subject the on 
5 ments toa bending moment which they would have to resist in any 
with the hingeless arch 
Another form of unfair discrimination is that mentioned by Pro- 
fessor Jacoby,* where he speaks of the designing of a three- -hinged 
arch to compare with a given two-hinged arch, and giving the sec- _ 
_ tions of the lower chord of the former such proportions that, in spite — = 
_ of its being heavier, its radius of gyration averaged 4% less than that 
of the sections of the lower chord of the two- -hinged ar - ‘ In spite of 
4 this fact, however, in this case the three-hinged design prov ed slightly q 
_ the more economical. The designing of the cross-sections is a most | 
important factor in fair comparisons, and it alone, by its variation, — 
_ may easily throw the balance in favor of one type or the other in the 
- comparison of actual designs. This fact is one of those which render F 
_ the comparison of actual designs so unreliable a basis for determining _ 
We now come to a point on which Mr. Lindenthal correctly insists, 
_ but, the writer fears, without due regard to proportion—the fact that 
_ changes in temperature modify the stresses, even in many determinate 
_ frameworks, contrary to the prevalent idea. But Mr. Lindenthal goes 
_ «*Three-hinged arches are not only not free from temperature ' 
strains, but for certain conditions such strains are just as large as in 


~ arches ‘of the two- -hinged type. * * * The supposed advantage in 
; that respect of the three-hinged ov over the two- -hinged arch is illusory.” 


‘While the changes in stress resulting from temperature (which are . ¥ 
= are facts and should be considered, 
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writer feels that Mr. Lindenthal’s quantitative statements be Mr. Gilley. 
cart accompanied by the data on which they are based so that we may see Sani 
for what ‘‘ certain’ ’ conditions these stresses accompanying tempera- 

If we look into these so-called temperature stresses of Mr. Linden- 
thal a little | closer we shall note that they are simply : a special case of 
the modification of the stresses in a structure resulting from changes 

in its form, however brought about. The loadings bring about such 
_ changes in form, and, as ai te A noted, to such an extent in the © 
more flexible structures that ne ordinary theory which neglects such 
_ changes is serio iously in error. Now the fact is simply this, that struct- 
© whose figures are altered seriously by temperature changes are 
likely to have their figures altered even more seriously by their load- - 
ing; that is to say, are to be classed among the flexible structures — 
- mentioned previously. While calling attention to these temperature 
changes Mr. Lindenthal neglecting other, even more important, 
changes which occur in these cases. 

And another fact isto be observed: These neglected changes, whether 7 

from temperature or load, occur in the indeterminate frameworks as 


well as in n the determinate, and ada aed effects to one as well a as to othe 


be both to ‘the and the determinate frameworks. 
_ Very flat arches, —. three-hinged, two-hinged or ig suffer 


or from the of the loads. it mistake 
suppose that the present usual theory of indeterminate structures takes 
this flattening into account, whether in connection with temperature or 
stresses. Actually, it as completely as does the ordinary 

a theory of determinate structures. To ‘o see this a1 and to enable us to form 

a a better idea of these alterations of _ 7” must dev elop their theory. 


a oF CHANGES OF STRESS IN ORKS Du 
CHANGES IN | Form. = 


reactions, and by a the angles of the bem, loads and reactions with (say) 
os the horizontal, confining | -oursely es here, for simplic’ ity, to plane frame- 
works, Then, as we know, on the ordinary supposition of no appre- 


3 Pcs. +3 Roo 0). 
But if the framework actually does change in form and 
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he. cilley. bec ome @ 4,, the Ss become S+4,, 


i become P + lee then our joint equations become : 


cos. (a + 4, +) (R + 4,) cos. cos. («+4, )4 


(P + 4p) sin. (a@ 4,) sin. (a + 4,)+ | 


Each ot these terms, ‘6 +4 4 cos. + 4 a) maybe aed 


+4, 4 COs. & —4, S sin. a 


_ slesiialy. with the other terms of (B), and taking Equations (A) into 
q consideration we thus obtain from Equations (B) the difference equa- 


Apcos. 4, cos. 4, 
Rain. a—Z 4, Ssin. a=0 


= ‘Ap si sin. > 4 pein. a+ > 4, sin. +24,P 


If the framew ork be determinate, since P < aware know n, 
‘the Rand S determinable from the Equations (A) or their equivalents, 
the 4 a (except fo for the reac actions) very | approximately determinable fro 


the elastic diaplacements of the joints, for the given materials 
sect tions, due to the stresses S, temperature and other causes, , and i 
either zero or definitely related to these displacements, Equations 
— (C) suffice to determine our remaining unknowns, that is to say, the 


quantities Ap »4, and 4. 
q > 


=) 


The above result suffices for. the solution of the problem, but it 
capable an exceedingly ‘simple and objectiv interpretation 
which extends at once to the calculation of these changes in stress 
- all the methods and resources, graphical and analytical, already devel- 
oped for the calculation of the ordinary stresses. Consider the fol- 
If we inspect Equations (C) and compare them with Equations (A) 
e perceive that they are simply the equations of equilibrium at the 
joints of the given framework subject to the loads formed by oe 3 
the changes in the original loads, together with the further "loads 4,8 


| 


right angles to the bare. “The remalting stresses in the 
framework under these loads are the Aesinel changes in stress. So we 
ir have only to find this differential loading, which is readily done when — 
displacements of the joints have been determined (as by a a W illiot 
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diagram), and then we may proceed with the solution of the stresses by Mr. Cilley. 
of the usual methods, graphical or analytical, obtaining thus the 
change in stress resulting from change in form of the framework, in the | 
case of any determinate framework, 
¥ Applying the foregoing to the three-hinged arch of the nei. 
illustration of the. paper, to ‘determine the changes in stress 
change in figure resulting: from a fall in temperature, we have 
the following: For a 
P 
_ we would have a re- 
duction of span of 0.4 
x 0.( 065 ft. (see page 
405) ‘and a consequent 


descent of the middle © —— 


hinge o of this, 


actually remains con-— 
stant, and therefore >. 


middle hinge must owe 
sink further, 0.2 x 


joint will therefore be 

(0.38 333 +0.120) x 0.065 

ft. = 0.030 ft., nearly. 

That is, all bars of © 

the left half — will 

rotate 


é Fis, 


01103 (about 37 inate), in a right- handed 


direction, and all of the right ha will through the same 

ange in a left-handed direction. = We 
_ Consider, first, the consequent changes in the stresses under a full” 

loading of P on each joint (loading L L, ©, R). 
We have in Fig. 15a the differential ae for this case and the 
resulting stresses which are the changes in stress sought. The value | 


| 
= __P x 0.001103 
>. ia 
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y. of 4 (Re cos, a), or the change in the horizontal thrust, not given in 

Fig. 15a, is 0.00444 P, which permits of ready ve er ‘ification. Next 

sider the loading C R (P on center and right joints) under which bars 

_ 6, cand e (see Fig. 2) have their greatest stresses; 

Sg We have, in Fig. 15d, the corresponding differential loading and the 

resulting stresses in the bars 5, c and e, which are the changes in stress a 
in these bars sought. — The change in the horizontal component of the a 

reaction in this case is found to be 4 (R cos. a) = 0.003125 P, which 

easily be verified otherwise, 
Putting down the changes in stress in the | bars | a and d under 
d the loading L C R, ‘and in b,c and e under the loading C R (and L C) 

b we have, in Fig. 15c, the additions to the maximum stresses to be 
made on account of a change in temperature of 100° Fahr. _ Compare 
this with n Fig. bb. . Taking a change in temperature of only 50° Fahr. 

q (that is, a range of ‘temperature of 100° Fahr.), as in the case of the 
two-hinged arch, we find our additions are (compare Fig. 10) 0.09% in 

7 bar e, as against 22° for the two-hinged arch; 0.09% in bar c as against 
20°5; 0.099% in bar } as against 10% ; 0.09% in bar a as against 119%; 
0.035°F in bar das against 6°, to say “nothing of no stress here 

compare with the stress in bar z of the two- -binged 

‘This comparison, ‘ial ing the stresses i in the case of the three- hinged 

are resulting from temperature changes | to be only about one-t 
‘hundredth of the ordinary temperature stresses of the two- hinged arch, 

be found a sufficient answer to Mr. Lindenthal’s statement: 


«Tf the author will trace the strains, due to the falling and rising ng of 
_ the center hinge from changes of temperature, he will find them by no 
means of negligible smallness, even for the large ratio of rise to span in 

his inconclusive figure.” 


this is not all. stresses we have 


he of the of stress in minate frameworks due 
to changes in form is not quite so simple as that for the shames ae f 
framew orks just set forth, but is based on the latter. 7 At a first ee 


= 


it would appear that one might simply | find the differential loading for 

_ the indeterminate framework, and thence obtain the changes in stress 

- sought simply as the stresses in the given indeterminate framework — 

- under this differential loading, on the supposition of no stress under no 

_a . Butt this is not quite corr ect as the followi ing analysis will show. — - 

‘Atal We have seen (page 366), that the. difference of the figure length DL, 

. ‘from the actual length J, of a superfluous bar is expressed by the 
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pros ided negligible changes in direction of the oceur. If, as Mr. Cilley. 
ae a result of the actual changes in direction of the bars, the stresses 


actually become | S,+4 and the coeftici ients S/O By 


And sup 


— 

These Equations (F) Equation (C) actually determine 

changes i in second term on the left- hand side « of 


‘Equations (F), w which would have to be 2 zero if the simply the 


_ stresses for the differential loading on on the supposition of no stress under — 


7 no load, shows the error that supposition would involve. = 
- 5 Instead of the purely analytic procedure of combining Equations © 
(PF) and (C), the following procedure is likely to prove preferable. 
- The stresses in tne non-superfiuous bars are expressed in terms ot 
_ those in the superfluous bars by the equations (see pe “— 


S,=S8 to 
on ‘the of no change in "Actually, we must 


wi the. 4 small, these give the 


the basis of our solution. the 4, the sought. 
The 4, being the changes in stress of the framework composed of the 
- ‘non- -superfluous bars, under the g given loading, | due to the change of its 
form for the joint at of the given framework 
me: under that loading; and the 4,6 i being the corresponding changes in 
the coe efficients are both determinable by the method for 


As to the solution | of Equations (F’) and (K), besides the analytic 
methods, | we may readily apply to them any of the usual graphic © 
methods for the determination of stresses in indeterminate frame- 
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Mr. Cilley. stresses in indeterminate framew eworks will suggest the manner of utiliz- 
ing the same methods. Thus one may take advantage here, as in the 
ease of the calculation of changes in stress accompanying changes of 
form in determinate frameworks, of all the accumulated methods and 
a “resources, graphical and analy tical, now in our hands for the calcula- 
tion of the ordinary stresses on the supposition of no change in form. a 
a = ‘he writer regrets that his present limited time prevents his illus- 
trating the use methods by a calculation of the additional 


= of that accompany fall of is evi- 
dent, however, that they would be quantities of the same proportions 
as those already found fi for the three- arch. 


7 form, the writer believes he can commend its use for cases where the 
actual changes are really quite considerable, that is to say, for the 
_ approximate calculation of the corrections to be giv en tothe stresses in 
- flexible framewo orks, as slender arches and stiffened su suspension bridges. 8. me 
_ Although the work is laborious, it is only laborious in the same way _ 
and degree as the work of the usual methods for the ordinary calcu- — 
lations on which it is based, and it certainly i is far ‘simpler | than the 


= discussion. 


mY Before leaving the subject of temperature stresses the writer desires = 


to note his exception to Mr. Lindenthal’s quantitative e statement regard- 


ing the extra material required to meet the three-hinged arch temper- 
ae stresses in the cases of the W Vashington arch and of the Niagara > 
“ Falls road bridge (or Clifton) arch. Such claims are too easily made 


- 7. < to be acceptable when ‘unaccompanied by any figures in their support, 


p : ig and, above all, when rendered doubtful by general analysis, as in the 2 
To Mr. Lindenthal’s claim, that ‘a proper comparison” of the 
strain sheets ‘‘ of the two types of arch treated by Mr. Cilley” (two 
and three-hinged), demands a correction “for the. large bending 
ments resulting from the immobility of the hinges, incorrectly ignored - 3 
by him,” the writer feels that he must strongly take exception. Mr. 
-Lindenthal forgets that in the paper it was particularly specified that — 
only ideal frameworks with frictionless joints | were | e under - consider 
tion. Moreover, the pin is not a necessary ‘connection member for 
this purpose. Thin plates have not only oe Proposed, but also used. 


— 4 | 
— 
= 
| 
i 
| U Cs ¢ ( prese cf 5 
= methods, proposed or used in such cases. The somewhat sketchy 
character of the writer’s present exposition he trusts will be pardoned 
5 as the treatment of the subject here given is wholly new, so far as the 
reloped, at very brief notice, by him, for 
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by Miiller- Breslau, such a plate hinae was used , and in France an 
entire » set of joints has been constructed recently with such plates, in- 

a bridge of 132-ft. span, described in the Annales des Ponts et Chaussées. 

_ Thus, while a correction is necessary where pins are used, they are — 
really unnecessary indeterminate adjuncts, and therefore are not — 
properly to to be considered in such a as that: made in the 
Mr. Lindenthal says that and hinge friction 
in aad additions to the sections of both two and three-hinged 
a ong which cannot be ignored, and follows this with the some- 
what extreme statement—‘“ When made (these additions), the two- = 
hinged arch will in every case show “great economy over the three- 
hinged arch.” ' Again, the writer feels that we are entitled to the 

_ figures in proof of this bare assertion. | The analytic considerations, — 

thus far exposed, by no means support it. ae ah ae 

: Mr Lindenthal holds that it ‘is not necessary, either for safety sae 
economy,’ * that the strains in an indeterminate framework ‘be deter- a 
mined with the same exactness as in statically determined structures.’ * 

If Mr. Lindenthal thus unfairly favors indeterminate designs, it may 
well be that he will find in them the higher ec onomy he claims, but it 

is certainly competent for the opponents of such designsto take excep- _ 
tions to such procedure. It must be remembered that it does not — 
much favoring to eat up the small margin of a few per cent. which — 

will ordinarily limit the difference i in material required in the 
2 “eases - The smallness of this difference is s precisely the reason why the 
writer argues rather the lack of economic advantage in the use of inde- 

__ terminate forms, than its presence in the use of the determinate forms 

Lindenthal states | that failures of bridges, caused l by 


indeterminateness, have } yet ‘occurred. Has he not, perhaps, over-— 


looked some cases Partial failures due to indetermination have been 
anything but wanting. Many a weak member has been broken or has" 
broken its connection when carried along by the movement of some 
heavy member to which it was improperly ‘attached; ‘many case of 
7 initial strain, , permitted by the use of redundant members, has re resulted 
in rupture; many a continuous floor system has failed in the rivets, 
under the stresses actually coming upon it, for which it was not | 
‘designed; and in accidents like the he buckling o of the lower chords of the 
“stiffening trusses of the Brooklyn bridge over the towers, we have 
_ illustrations of the consequences of indetermination in the case of more — 
important parts. It may be said that these were due, not to the use — 
i of indeterminate construction, but to faulty « calculation, or neglect to 
calculate at all, to faulty adjustment. But these things arose 
purely from the indetermination and may therefore properly _be , 


Described in The Engineering Record of Feb.17,190. 


4 

‘ 

we 

| 
4 


DISCUSSION ON INDETERMINATE 


iat it. Far Ni 


Mr, Cilley. charged against it. ar from indetermination nev er ‘being a ‘cause of - i 


bridges, ‘where ure | have worked havoc. 
bi We now come to the last of Mr. Lindenthal’s s objections, whichisto 
deflection as a criterion of rigidity. He says: ‘‘ What is a rigid 4 
bridge? If we take rigidity in metallic bridges to mean absence of 4 
vibration, then deflections are a deceptive criterion.” 
If this were ‘merely question of of difference of of definition of the 
word ‘ rigidity,” it would have no further ‘importance, but Mr. 
Lindenthal continues: “ **The public considers a bridge which vibrates, 
gy inferior sundiant: and one which does not, as a superior a 
ought to be the guide, ome, to the engineer. ” But this 
argument of Vo ox populi vox Dei” ” is hardly convincing, 
Mr. Lindenthal’s illustrations only serve to increase the writer’s 


Vv ibration, far from being an indication of anything defective, is 

= of a highly elastic and rigid constitution. " Only rigid 
a 


and elastic large bodies — vibrate rapidly, and therefore, in a fashion e 


| 


is loose or slack construction, enn ‘elasticity and great mass, 
; Mr. Lind will be imperceptible. The writer can scarcely believe that 


Mr. Lindenthal had seriously considered the bases of vibration before © 


“construction. Large deflections, which mean flexible 
- really are objectionable, because they interfere seriously with high a 
speeds, and, moreover, allow of dangerous swaying in high winds. — 

_ But rapid vibration is an evil affecting the imagination far more than 
it affects the structures. 7 Moreover, Mr. Lindenthal’s illustrations 
show that marked vibration occurs equally in indeterminate and 
determinate structures. It is, in fact, a matter largely independent | 
of the presence or absence of superfluous bars. 
In concluding this part of his reply, the writer feels justified in 
ng at the statements wholly unsupported by evidence, and 
ss some of which analysis has shown to be incorrect, which characterize _ 
_- this part of the discussion. It was his hope that those who made _ 
_ counter claims to the arguments in the paper would adduce their 
evidence i in such form as to permit of its independent: consideration. — 
th the absence of such evidence it can scarcely | be expected that these 


=~. 


= 

i 

} 
notabdie ior 1ts vibration, Dut even the pudiic would scarcely regard lv 
> , superior. a loose-jointed wooden structure is free from 
vibration, while in similar metal structures it is most marked, but 

the wooden structure is hardly therefore the superior 
Wherever great rigidity, elasticity and lightness go together, 
> 
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claims will receive much consideration, and, certainly, we cannot be Mr. cilley. 
In replying to Professor Ritter’s comments, the writer desires to 
express at the outset his appreciation of the very fair and reasonable 
_ position taken by him, as well as of the entire absence of any misap- 
_ prehension or misconstruction of the paper in these comments. In 
_ the hands of men as able and as honest as Professor Ritter, the us 
= of indeterminate frameworks loses many of its objections. — But, since — 
en engineers favoring indeterminate construction are equally 
. _ informed and fewer are as fair, its use is generally subject to the full 


force of the writer’s objections, 
a Some of the points touched on by Professor Ritter have been co 
; ered by the writer in his reply to Mr. Lindenthal, but there remain 
eral points which it is desirable to consider here. 
_ The shorter unsupported lengths of the struts is an advantage - : 
which’ has frequently been cited in connection with lattice webbing, : 
and as as a justification of the European custom of ‘riveting 1 members to- — 
gether wherever they may cross. But it seems to be questionable 
_ whether the apparent advantage thus obtained is not illusory. As was 
; long ago pointed out by Maurice Levy, the use of multiple systems of - 
7 _ webbing results in a reduction of the sections of the posts which may __ 
well much more than offset the reduction of free length due to attach- 7 ; 
ment at points of intersection. And this is apart from the fact that 
_ the free lengths for side deflections (deflections out of the plane of the ~ 
: = truss) are not reduced through this arrangement in anything like the 
— degree that the free lengths ; for deflections in the truss planes are re- 
duced. But this is not all. Such attachment of points of intersection | 
Tesults in bending moments (when it does not result in anything — 
more), which are rarely if ever considered, although sometimes very : 
large. _ When these are taken into consideration it will be found that 
"the consequent added secondary stresses much more than offset any ba 
advantage from shortened free length. - Moreover, this practice of riv- 
pond every every other member wherever 


ute) 


A. 


no small part of the ees in n indeterminate construction. ‘The fact 
that not more than two passing co-planar members can be connected _ 
_ at the same point without entailing, in addition to bending wameod = 
a direct axial stresses, is usually overlooked or not appreciated. = 
_ The writer’s view is, that as far as possible we should design only 
as we can and do calculate and ‘understand, and that the e procedure he 
is “now criticising, the consequences of which are neither calculated 
nor understood, should be put aside by all who prefer the guidance of 
- their intelligence to slavish copying of ill-founded methods of the 


- past, . Some day it will be recognized that every unnecessa 
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Mr. Cilley. tion is only : an added restraint upon free exercise of function, and 
that, as the writer has elsewhere pointed out, ‘‘ Statical indetermination © 
in a structure is al alwi ays to be as with 

* In n regard to the objections to the ex expense of as 
a at present, with pins, the writer ventures to suggest that this difii- - 
a culty, as well as that of the shocks at the hinges, mentioned by Pro- 
a fessor Ritter, may be overcome by the substitution of thin plates for 
“pins. . Flexible joints by no means depend on the use of pins for - their . 
realization, as is so commonly assumed. 
_- Regarding discrepancies of length of members, the writer would 
point out the consequences in this direction which the theory of pro-— 
“ability tells us we must expect. We know that an error ¢ in | the | 
length of any ‘member of a statically determined framework, wil 
= the distance, between any two of its joints not directly 7 


nected, by the amount S's (where S' is the stress in the member due ey 
_ a pair of equal and opposite forces of unity applied each at one of the 
two joints). Now suppose each bar f has a 
= é,in its length (which error may equally well be + oF - 


(Ste)? 


Suppose we have a two-hinged oon of, say, 500 ft. ——— and 90 ft. * 
- “rise, with parallel chords 15 ft. apart, and that it is built out from the — 
abutments to meet at the center. Suppose that we mre forty panels” 
and that the probable error of each member is only éy in. _ This is 
Ss moderate for even the best of work, that is to s say, where all leneie® ; 

are determined by milled surfaces brought firmly into contact for 
_ riveted joints, or by carefully bored pin bearings. Very careful, 6 
‘repeated measurements made by the writer with an ‘excellent steel 
= tape, firmly clamped at one end and subject to uniform pull by | 
: moana of a spring balance at the other e: end, have convinced him that 
errors in measurement alone are likely to reach this amount. For — 
simple riveted connections the work would be sensibly less caemnais a 
sie Here it will readily be seen that the average value of S’ forthe chord _ 
at members is about two- thirds, while that for or the web members is less — 
‘than one- fifteenth, but more than one- twentieth. ‘There w: will be 80 
» chord members, which alone would cause a probable error in the 
closing middle chord barof Ces 


a fe With a simple triangular system, as we will suppose, there would © 


also be about 80 web members, and taking for them the smaller average 


q 
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-_-value of S' as one-tw ventieth, the probable error in closing of the middle Mr. Cilley. 
chord bar due to their errors would be 


The: resultant probable error for both chords a: and veiled would be , 


(since chord and web are y numerous) or practically 
in., as for the chords above. This gives an idea of what 
expected in the final result from a given degree of accuracy of work- 
manship, and so tells us what degree of accuracy it is necessary GG 
maintain in a given case. . Some such method should be used where 
indeterminate frameworks are constructed. 
Professor Ritter states that general, structures” with hinges 
Z (arches or cantilevers) are less stiff than those without hinges.” 


writer feels that this statement, reasonable as it “appears first 
glance, cannot, after all, be so e so readily accepted. | ~ It involves, first, the 
question of what are comparable structures; and, second, the que 
- tion of what basis of judging stiffness is to be used. Confining our- 
selves to deflections for this latter, as the writer has done, there still © 7 
remains the question of the are t to be 


a are likely te be hie than those at the center, as in the 
writer’s illustration. Such being the case, how shall we combine these ? 
hall we take the a average of deflections at a series of given intervals, Ber 
= shall we simply compare the greatest deflections wherever occur- 


ing? The writer would again refer to his remarks on page 374, in 
thisconmection, 
In concluding this reply t to Professor Ritter, the writer would Id sug- 7 
3 gest that perhaps “the extensive adherence of American engineers to _ 
_ stiff joints in upper chords, as well as rigid attachment of floor-beams, — 
stringers and lateral, portal and sway bracing,” is largely due to prac- 
_ tical (shop) considerations, together with recognized objections to the 7 
. use of pins in many cases, especially where adjustable members would qd 
be introduced. — The abuse of adjustable members has pri proved to be a 
serious matter in this country. The writer has been informed of a 
case where a section of the bottom chord was relieved of its part of the | 
_ Stress and made slack by the over-tightening of counters. - And, as is 
well ‘known, small counters: and their connections are often seriously 
Perhaps, when a practical system of making connections with thin 
_ plates has been developed, a matter which will require much time a - 
en even with the best of good 1 will ¢ on the part of designers, 
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_ ‘Mr. Cilley. engineers rs will sufficiently appreciate its merits in eliminating second- 
_ ary stresses, to give it preference over the present system of deceptive — 3 
; _ connections, whose strength i is alwa ays s much less than it is supposed to to a 


ae ‘ing out what numerous factors enter into the final determination of the 
of a structure. Tot these the writer at once assents, but he 
covers in them 
he has adv anced it in the paper. ” Most of the factors mentioned by Pe 
fessor Dietz are equally factors with both determinate and indetermin- _ 
frameworks, and, therefore, do not influence their comparison, 
te — provided only that in any detailed comparison of two designs they are — 
actually made equally factors in the two cases. As to the fact that the 
superstructure is only an element of the total, as far as it is of moment 
at all, it is a factor wholly favorable to determinate construction. — . 
7 _ Nothing like as carefully built and expensive foundations and supports 4 
sare required for the « determinate as for the indeterminate structures. a 
wa The writer knows of no practical factor except the large (?) expense of _ a 
ta? _ pins which can be cited as adverse to determinate construction, and, — 
es’ aside from the fact previously noted, that their use is not necessary, - 
ae. _ the saving in cost of erection resulting from it may exceed the cost of 
Regarding Professor Dietz’s detailed comparison of a two and three- 
_ hinged arch, the writer begs to note that the placing of the middle Gg > 
hinge below the top chords has very probably deprived the three- hinged 
arch of a very legitimate advantage it” might have had. e ‘Moreover, 3 
until we know how the sections were determined we cannot know 
whether the comparison is really fair in this respect. These consider- a 
_ ations affect the stated deflection also, but it is in a further respect — 
misleading. It is simply the middle deflection and, as previously 
noted, very if not probably, i is not the deflection. 


view that only statistical comparisons of numerous complete 
> projects can be conclusive, __ There i is not now and there ) probaly will = 


7 = ‘comparable deta to yee gi a definite conclusion to be drawn therefrom 
respecting the relative merits of determinate and indeterminate frame- 
works in ea _ Worked-out cases are almost invariably not fairly 4 ; 
comparable. The writer holds that the best, the most reliable, if not 
the only fair basis of comparison of the relative merits of stomp : 
< ‘and indeterminate frameworks must lie in such c comparison of ideal © 
structures as he has made. Actual or complete designs are subject to . 
so many irrelevant variations that their comparison necessarily carries 
with it no ) general conclusion, 


as 


j= 

al 

a notable and unconsidered increases of stress in the main sections, 

a he eomments of Professor Dietz are directed princinally to noint. 
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_ The writer desires to express his appreciation of the brief but very Mr. Cilley. _ 
correct summing up of the paper included in the comments of of Prof. 
Joseph Sohn. Itisa . great help to grasping the main points of such =a 
a paper, necessarily somewhat long and complex in its complete form a 
to have its essential a in so concise ) and clear a 


“use of determinate than indeterminate sy stems. Italy 
been a leader in the intelligent application of science to the arts, and 

notable for her freedom from the old dogmatic beliefs which in many _ 
other countries still so largely maintain their hold. The writer well 

Beco nce that many of the most lucid id and valuable of t the modern 

>. - additions, both to the theory of structures and to the general theory 

of elasticity, have come from Italy, and believes that in the extension — 
of the use of determinate — and of intelligent —_ 

Italy will again be i in the front. 
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